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p No exact equivariance

Can we understand data augmentation theoretically?
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Empirical NTK

Training dynamics under continuous gradient descent:

learning rate [ loss
dN@(X) Z o (X X oL
dt O ON(x;)

training sample
with the empirical neural tangent kernel (NTK)
ON(x) ON(x")

Og(x,x") =
2. 98, 8,
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Infinite Width limit [Jacot et al. 2018]
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b NTK becomes independent of initialization
& NTKbecomes constantin training
@5 NTK can be computed for most networks

v Training dynamics can be solved
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Mean prediction from NTK acot et al. 2015]

® Atinfinite width, the mean prediction is given by

neural tangent kernel train labels

He(x) = O, X)O(X, X)L (1 - e 1OXX)tyy

learning rate j

train data
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Data augmentation at infinite width
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Data augmentation at infinite width

( group transformation

e (p(9)x) = O, X)O (X, X)1(1 - e 1OXX)t) gy
= pt(x) oy
for invariance
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Mean prediction

pe(x) = [E60~initializations [Net ()]
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Mean prediction

init,

1
e (x) :[E60~initializations[Net(x)] = lim — Z Net(X)

n—-oo n
90 inity

mean prediction ofdeep ensemble
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Main conclusion

Deep ensembles trained with data augmentation are equivariant.

v Proof of exact equivariance for

¢ full data augmentation
* infinite ensembles

v Equivariance holds for all training times
v Equivariance holds away from the training data

v Holds also for finite-width networks [Nordenfors, Flinth 2024]
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Intuitive explanation

v Equivariance holds for all training times

v Equivariance holds away from the training data
® Atinfinite width, the mean output at initialization is zero
everywhere.

= Training with full data augmentation leads to an equivariant
function.
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Toy example
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After 1 Training Step
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Initialization
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After 3 Training Steps
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After 2000 Training Steps

4 2 0 2 4
— Ground Truth MLP — Ensemble Mean



What Does An Augmented Ensemble Converge To?
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Rotating images

f : pixels - colors

= [preg(9)f1(x)
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Data augmentation and NTKs

Consider two ensembles:

trained without data augmentation trained with data augmentation
i / /
QN1 ) = i /o0 O™ preg(0)F)

Then

WO E () = 2B () vt vx

at infinite width.
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Data augmentation and NTKs

1
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Data augmentation and NTKs

1

"N () = oG | dg ©*&(f, preg(9)F")

® Given an architecture with NTK ©3Yg,
find an architecture with NTK @non-aug
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Group convolutions

[Cohen, Welling 2016]
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Group convolutions [Cohen, Welling 2016]

Group conv’s are the (unique) linear layers equivariant wrt preg

¢ Ordinary convolutions

F(y) = [ dewte=y) F(x)

e Group convolutions

f'(g) = fde k(p(g~1)x) f(x) lifting
f'(g) = /(;dg k(g~th) f(h) group convolution
p_ 1 f .
f'= vol(G) Gdgf(g) group pooling )
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Stack GConv-layers to obtain an invariant network
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NTKs for GCNNs

Stack GConv-layers to obtain an invariant network

liting o GConv o GConv —> GPool

Compute NTK with layer-wise recursion

0———— 00 (1)) — O (F.F') —> O, (£f) —> O () —> ©F) (£.f') ——— O(£f")

19



NTKs of MLPs and GCNNs

20



NTKs of MLPs and GCNNs

e Consider two neural networks

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC o

FC

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC o

FC

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC o FC o FC

—— lifting—> 0 —— GConv —— 0 —— GConv

20



NTKs of MLPs and GCNNs

e Consider two neural networks

20



NTKs of MLPs and GCNNs

e Consider two neural networks

FC o FC o FC

R, lifting —— 0 —— GConv —— 0 —— GConv ——> GPool

1
vol(G)

OOMN (£, ") = [ dgOMP(£, reg(9)F")
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Data augmentation of MLPs
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Data augmentation of MLPs

before: non-aug \ [ before: aug

@GCNN(f,f’) Vol(G) fdg@MLP(f Preg(g)f)

21



Data augmentation of MLPs

before: non-aug \ [ before: aug

@GCNN(f,f’) Vol(G) fdg@MLP(f Preg(g)f)

training the MLP on
G-augmented data

21



Data augmentation of MLPs

before: non-aug \ [ before: aug
©GCNN (£ £1 fd QMLP (¢ £l
( ’ ) VO[(G) g ( Preg(g) )
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Data augmentation of MLPs

before: non-aug \ [ before: aug
©GCNN (£ £1 fd QMLP (¢ £l
(f,f") = Vol(G) g (f, preg(9)f")
trainingthe MLPon  _  training the GCNN on

G-augmented data _\ unaugmented data

in the ensemble mean
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Data augmentation of MLPs

before: non-aug \ [ before: aug

@GCNN(f,f/) Vol(G) fdg@MLP(f Preg(g)f)

trainingthe MLPon  _  training the GCNN on
G-augmented data \unaugmented data

in the ensemble mean, Vt, Vx
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Data augmentation of CNNs

e Consider a CNN and a GCNN invariant wrt. roto-translations

Conv o Conv o Conv Pool

lifting o GConv o GConv —> GPool

1
QONN(f, ") = n >, eCNN(f,Preg(r)f,)
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Data augmentation of CNNs

e Consider a CNN and a GCNN invariant wrt. roto-translations

Conv o Conv o Conv Pool

lifting o GConv o GConv —> GPool

1
eGCNN(f’ f,) = Z eCNN(f,Preg(r)f,)
n
reCp
= By training the CNN on augmented images, one obtains a
roto-translation invariant GCNN
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Experiments
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Ising model
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Ising model
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Relative orbit standard deviation
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Histological slices

[Kather et al. 2018]
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Histological slices

[Kather et al. 2018]
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Histological slices
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Out of distribution results
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Further experimental results

v Emergent invariance for rotated FashionMNIST
v Partial augmentation for continuous symmetries

v Emergent equivariance (as opposed to invariance)
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Comparison to other methods
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Comparison to other methods

c» Models trained on rotated FashionMNIST

Orbit same predictions out of distribution:

Cy Cs Ci6
DeepEns+DA 3.85+0.12 7.72+0.34 15.24:0.69
only DA 3.41+0.18 6.73+0.24 12.77+0.71
E2CNN! 4+0.0 7.71+0.21 15.08:0.34

Canon? 4:0.0 7.45:0.14

12.41+0.85

1 Weiler et al. 2019], 2[Kaba et al. 2022]
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Convergence of augmented CNNs to GCNNs
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Convergence of augmented CNNs to GCNNs

L2(CNN-logits, GCNN-logits)
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Key takeaways

If you need ensembles
b use data augmentation to obtain an equivariant model.

If you need data augmentation
b use an ensemble to boost the equivariance.

Analysis of neural tangent kernel can lead to powerful practical
insights!
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Emergent equivariance of cross products
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Histological Data - OOD samples
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Emergent continuous symmetry on FashionMNIST
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Kernel convergence
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Equivariant NTKs for medical image classification
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Equivariant NTKs for molecular property regression
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00D samples for CNN to GCNN convergence
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