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e Paper lll.: Oscar Carlsson*, Jan E. Gerken*, Hampus Linander, Heiner Spief3,
Fredrik Ohlsson, Christoffer Petersson, and Daniel Persson Daniel “HEAL-SWIN: A
Vision Transformer on the Sphere”. In: 2024 IEEE/CVF Conference on Computer
Vision and Pattern Recognition (CVPR) (June 2024), pp. 6067-6077

e Paper IV.: Elias Nyholm*, Oscar Carlsson*, Maurice Weiler, and Daniel Persson
“Equivariant non-linear maps for neural networks on homogeneous spaces”.
Submitted (April 2025)
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I Purpose of GDL

Graphs Geodesics & Gauges

(“Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and Gauges”, Bronstein et al. 2021)
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I Purpose of GDL

Graphs Geodesics & Gauges

(“Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and Gauges”, Bronstein et al. 2021)

Paper lll: images on a sphere S? = SO(3)/SO(2)

Paper IV: data on general homogenous space X = G/H
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Paper lll:
HEAL-SWIN



Material

HEAL-SWIN: A Vision Transformer On The Sphere

Fredrik Ohisson

Abstract

1. Introduction
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I Motivation: Large FOV images are curved
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Sampling on the sphere: Driscoll-Healy

= T Y
gt =

-
P
ey

—

\

fGRaag:

'f

napny




I Sampling on the sphere: Driscoll-Healy vs HEALPix
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I SWIN

Shifting attention windows Patch merging
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HEAL-SWIN

Projection
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I Shifting
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I Patch merging

Oscar Carlsson

e P < N
OO ZO0S

f W
O
::aﬂ’ﬂ LR
&y
RS O

Teoset XL

e RV

T L A A
T

PhD defence — Scientific presentation

i

Paper Il - HEAL-SWIN

2025-08-29 10/30



I Results: Semantic segmentation on SynWoodScape
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Experiment: Depth estimation
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I Results: Depth estimation on SynWoodScape
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I Outlook

e Use HEAL-SWIN, or inspired methods, on large FOV in vehicles/drones
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I Outlook

e Use HEAL-SWIN, or inspired methods, on large FOV in vehicles/drones
e Other spherical data (e.g. CMB, weather data (PEAR))

Oscar Carlsson PhD defence — Scientific presentation Paper Il - HEAL-SWIN 2025-08-29 14/30



I Outlook

e Use HEAL-SWIN, or inspired methods, on large FOV in vehicles/drones
e Other spherical data (e.g. CMB, weather data (PEAR))
e Try to extend this to a rotationally equivariant structure
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Paper |V:
Framework for equivariant non-linear
maps



Material: Paper IV

Equivariant non-linear maps for neural
on homogencot

Elias Nyholn' | O

University of Gathenburg

Chalmers Univer

“Comp 1 Avtfcial Tnellgence
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I Machine learning models: Neural networks
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I Machine learning models: Neural networks

e Linear layers + non-linear activation
functions
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functions
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I Machine learning models: Neural networks

e Linear layers + non-linear activation
functions

e Non-linear layers
o Combination of these
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Why are non-linear maps important in NNs?
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I Why are non-linear maps important in NNs?
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I Example of data on the plane

fx) eR?
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I Homogeneous spaces: G/H

o =

SO(3)/SO(2) R2 = SE(2)/SO(2)

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Introduction 2025-08-29 20/30



I Lifted Feature maps: the induced representation

Indfipm = {f : G = Vin | f(gh) = pin(h")f(g), ¥h € H}
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I Lifted Feature maps: the induced representation

Indfioim = {f : G = Vin | f(gh) = pn(h")f(g), Yh € H} = T,,,
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I Lifted Feature maps: the induced representation
Indfioim = {f : G = Vin | f(gh) = pn(h")f(g), Yh € H} = T,,,

oz, (R)>£1(8) = f(k~"g)

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Introduction 2025-08-29 21/30



I Inspiration: CNNs and transformers

© = [ rlag ) Mﬁ@zA”RMan%ﬁme
u||<

G-Equivariant CNN on homogeneous Gauge equivariant transformer

space

(Cohen et al. 2019) (He et al. 2021)

[M@=4w®ﬁwW§

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)
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I Inspiration: CNNs and transformers

© = [ rlag ) Mﬁ@zA”RMMnMWW@mM
u||<

G-Equivariant CNN on homogeneous Gauge equivariant transformer

space

(Cohen et al. 2019) (He et al. 2021)

[M@=4w®ﬁwwf

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)

Join these into single integrand
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I Starting point

Want¢: 7, — 1,

out *

[¢f1(g) = /G w(f,g ¢ )dg’

w:ZpinXGXG—)Vout

such that [¢f] is a feature map (Mackey-condition):

[8£1(gh) = pout(h™")[¢f](8)
forallh € H.
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I Goal

Equivariance:

[Pz (k) >[&f11(8) = [#lpz, (k) >f1)(Q)
forall k € G.

WhllSt [¢f] pout
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If wsatisfies w(f, g,¢") = w(pz, (k)>f,kg,g') forallk € Gthen ¢ is equivariant and
w can be reduced to a two-argument map &(f, ') satisfying the Mackey constraint

oz (M) of,8) = pout(MB(F.g), Vhe H.

Hence ¢ can be formulated as

[¢f1(g) = /G w(f,g,8")dg = /G B(pz, (871 vf,8)dg .
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I Universality?

Does there for each equivariant map A : Z,, — 7, exist an & such that

Pout

[#£1(8) = Alf1(©)7

61(g) = /G B(pz () o, 8')dg’
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I Universality?

Does there for each equivariant map A : Z,, — 7, exist an & such that

Pout

[#£1(8) = Alf1(©)7

61(g) = /G B(pz () o, 8')dg’

Integration domain G compact
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I Universality?

Does there for each equivariant map A : Z,, — 7, exist an & such that

Pout

[#£1(8) = Alf1(©)7

61(g) = /G B(pz () o, 8')dg’

Integration domain G compact Have access to a §-distribution or similar

O(pr, (87 )0f.8) = B(p1, (871> f. &) = 8()AlE™fI(e)
i e A
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I Constructing new layers

1 Determine the homogeneous space G/H
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I Constructing new layers

1 Determine the homogeneous space G/H
2 From the arguments of &(pz, (¢~1) > f,¢’) isolate and construct &(pz, (¢~ 1) > f, <)

from

such that

a(plm(hgil) >f, g/) = pout(h)a(plndm(gil) >f, g/)7 Vh € H.
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I Special instances of this framework

Convolution based General framework
w(f,8,8)

Equivariance

G-CNN:
A& )

Implicit steerable CNN:
k(¢ 87f1(e), [57f1(8) [87£1(8") 4
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Attention based

Self-attention:

[s7f1(e) "W Wk [s71(8")
e
Wy [§71(8")

Softmax{

Relative Position Bias self-attention:

51110 "W Wk [s7111(8")

b Softmax{ — 7 +1(g’) }
Wy [g71(8")

LieTransformer:
norm{a([g~f](e), [g7Yf1(¢), &)}
Wy [57f1(8)
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I Outlook

o Investigate how this works for data on general manifolds
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I Outlook

e Investigate how this works for data on general manifolds
e Design new equivariant layers using this framework
e Classify layers based on the construction of &
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Thanks!
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