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Purpose of GDL

(“Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and Gauges”, Bronstein et al. 2021)

Paper III: images on a sphere S2 = SO(3)/SO(2)

Paper IV: data on general homogenous space X ∼= G/H
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Paper III:
HEAL-SWIN



Material
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Motivation: Large FOV images are curved
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Sampling on the sphere: Driscoll-Healy

vs HEALPix
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Sampling on the sphere: Driscoll-Healy vs HEALPix
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SWIN

Shifting attention windows Patch merging
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HEAL-SWIN

Projection
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Shifting

Oscar Carlsson PhD defence — Scientific presentation Paper III - HEAL-SWIN 2025-08-29 9/30



Patch merging
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Results: Semantic segmentation on SynWoodScape

mean ± std. dev.
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Experiment: Depth estimation
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Results: Depth estimation on SynWoodScape

mean ± std. dev.
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Outlook

• Use HEAL-SWIN, or inspired methods, on large FOV in vehicles/drones

• Other spherical data (e.g. CMB, weather data (PEAR))
• Try to extend this to a rotationally equivariant structure
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Paper IV:
Framework for equivariant non-linear

maps



Material: Paper IV

ar
X

iv
:2

5
0
4
.2

0
9
7
4
v
1
  
[c

s.
L

G
] 

 2
9
 A

p
r 

2
0
2
5

Equivariant non-linear maps for neural networks
on homogeneous spaces

Elias Nyholm∗ 1 Oscar Carlsson∗1 Maurice Weiler2 Daniel Persson1

1Department of Mathematical Sciences,
Chalmers University of Technology & University of Gothenburg,

SE-412 96, Gothenburg, Sweden
2Computer Science and Artificial Intelligence Laboratory,

Massachusetts Institute of Technology,
Cambridge, Massachusetts, USA

April 30, 2025

Abstract

This paper presents a novel framework for non-linear equivariant neural network
layers on homogeneous spaces. The seminal work of Cohen et al. on equivariant
G-CNNs on homogeneous spaces characterized the representation theory of such
layers in the linear setting, finding that they are given by convolutions with kernels
satisfying so-called steerability constraints. Motivated by the empirical success of
non-linear layers, such as self-attention or input dependent kernels, we set out to
generalize these insights to the non-linear setting. We derive generalized steer-
ability constraints that any such layer needs to satisfy and prove the universality
of our construction. The insights gained into the symmetry-constrained func-
tional dependence of equivariant operators on feature maps and group elements
informs the design of future equivariant neural network layers. We demonstrate
how several common equivariant network architectures – G-CNNs, implicit steer-
able kernel networks, conventional and relative position embedded attention based
transformers, and LieTransformers – may be derived from our framework.

∗Equal contribution, ordered by first name.

1

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Introduction 2025-08-29 16/30



Machine learning models: Neural networks

• Linear layers + non-linear activation
functions
• Non-linear layers
• Combination of these
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Why are non-linear maps important in NNs?

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Introduction 2025-08-29 18/30



Why are non-linear maps important in NNs?
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Example of data on the plane

f (x) ∈ R2
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Homogeneous spaces: G/H

SO(3)/SO(2)
R2 ∼= SE(2)/SO(2)
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Lifted Feature maps: the induced representation

IndG
Hρin =

{
f : G → Vin | f (gh) = ρin(h−1)f (g), ∀h ∈ H

}

=: Iρin

[ρIin(k) ▷ f ](g) = f (k−1g)
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Inspiration: CNNs and transformers

[ϕf ](g) =
∫

G
κ(g−1g′)f (g′)dg′

G-Equivariant CNN on homogeneous
space
(Cohen et al. 2019)

[ϕf ](p) =
∫
∥u∥<R

α(f )(p, qu)Vu(f ′(qu))du

Gauge equivariant transformer

(He et al. 2021)

[ϕf ](g) =
∫

G
ωf (g, g′)f (g′)dg′

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)

Join these into single integrand

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Framework 2025-08-29 22/30



Inspiration: CNNs and transformers

[ϕf ](g) =
∫

G
κ(g−1g′)f (g′)dg′

G-Equivariant CNN on homogeneous
space
(Cohen et al. 2019)

[ϕf ](p) =
∫
∥u∥<R

α(f )(p, qu)Vu(f ′(qu))du

Gauge equivariant transformer

(He et al. 2021)

[ϕf ](g) =
∫

G
ωf (g, g′)f (g′)dg′

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)

Join these into single integrand

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Framework 2025-08-29 22/30



Inspiration: CNNs and transformers

[ϕf ](g) =
∫

G
κ(g−1g′)f (g′)dg′

G-Equivariant CNN on homogeneous
space
(Cohen et al. 2019)

[ϕf ](p) =
∫
∥u∥<R

α(f )(p, qu)Vu(f ′(qu))du

Gauge equivariant transformer

(He et al. 2021)

[ϕf ](g) =
∫

G
ωf (g, g′)f (g′)dg′

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)

Join these into single integrand

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Framework 2025-08-29 22/30



Inspiration: CNNs and transformers

[ϕf ](g) =
∫

G
κ(g−1g′)f (g′)dg′

G-Equivariant CNN on homogeneous
space
(Cohen et al. 2019)

[ϕf ](p) =
∫
∥u∥<R

α(f )(p, qu)Vu(f ′(qu))du

Gauge equivariant transformer

(He et al. 2021)

[ϕf ](g) =
∫

G
ωf (g, g′)f (g′)dg′

LieTransformer
(Hutchinson, Le Lan, Zaidi et al. 2020)

Join these into single integrand

Oscar Carlsson PhD defence — Scientific presentation Paper IV - Framework 2025-08-29 22/30



Starting point

Want ϕ : Iρin → Iρout :

[ϕf ](g) =
∫

G
ω(f , g, g′)dg′

ω : Iρin × G× G → Vout

such that [ϕf ] is a feature map (Mackey-condition):

[ϕf ](gh) = ρout(h−1)[ϕf ](g)

for all h ∈ H.
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Goal

Equivariance:
[ρIout(k) ▷[ϕf ]](g) = [ϕ[ρIin(k) ▷ f ]](g)

for all k ∈ G.

Whilst [ϕf ] ∈ Iρout
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Result

Theorem (Theorem 4.10 in Paper IV)

Ifω satisfiesω(f , g, g′) = ω(ρIin(k) ▷ f , kg, g′) for all k ∈ G then ϕ is equivariant and
ω can be reduced to a two-argument map ω̂(f , g′) satisfying the Mackey constraint

ω̂(ρIin(h) ▷ f , g′) = ρout(h)ω̂(f , g′), ∀h ∈ H.

Hence ϕ can be formulated as

[ϕf ](g) =
∫

G
ω(f , g, g′)dg′ =

∫
G
ω̂(ρIin(g

−1) ▷ f , g′)dg′.
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Universality?

Does there for each equivariant map λ : Iρin → Iρout exist an ω̂ such that

[ϕf ](g) = λ[f ](g)?

[ϕf ](g) =
∫

G
ω̂(ρIin(g

−1) ▷ f , g′)dg′

Integration domain G compact

ω̂(ρIin(g
−1) ▷ f , g′) =

1
vol(G)

λ[ρIin(g
−1) ▷ f ](e)

Have access to a δ-distribution or similar

ω̂(ρIin(g
−1) ▷ f , g′) = δ(g′)λ[g−1f ](e)
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Constructing new layers

1 Determine the homogeneous space G/H

2 From the arguments of ω̂(ρIin(g−1) ▷ f , g′) isolate and construct ω̂(ρIin(g−1) ▷ f , g′)
from
– [ρIin(g−1) ▷ f ](e) = f (g)
– [ρIin(g−1) ▷ f ](g′) = f (gg′)
– ψ(g′)
such that

ω̂(ρIin(hg−1) ▷ f , g′) = ρout(h)ω̂(ρIndin(g
−1) ▷ f , g′), ∀h ∈ H.
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Special instances of this framework

ω(f , g, g′)

ω̂(g−1f , g′)
κ̂(g′)[g−1f ](g′)

G-CNN:

κ
(
g′, [g−1f ](e), [g−1f ](g′)

)
[g−1f ](g′)

Implicit steerable CNN:

Softmax
{

[g−1f ](e)⊤W⊤
Q WK [g−1f ](g′)
√

d

}
·WV [g−1f ](g′)

Self-attention:

Softmax
{

[g−1f ](e)⊤W⊤
Q WK [g−1f ](g′)
√

d
+ ψ(g′)

}
·WV [g−1f ](g′)

Relative Position Bias self-attention:

norm{α([g−1f ](e), [g−1f ](g′), g′)}

·WV [g−1f ](g′)

LieTransformer:

Convolution based Attention basedGeneral framework

Equivariance
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Outlook

• Investigate how this works for data on general manifolds

• Design new equivariant layers using this framework
• Classify layers based on the construction of ω̂
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Thanks!
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