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Unification
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Unification

electromagnetism

V-E =0, VxE+ %_? _ Electric-magnetic duality
D E—




 space + time = spacetime

—

gravity:

mass curves spacetime




Einstein’s general theory of relativity connected
differential geometry and physics

Principle of general covariance:

The laws of physics should take the
same form independently of which
coordinate system we use to
represent them



How can it be that mathematics, being after all a product of human thought which is
independent of experience, is so admirably appropriate to the objects of reality?

- A. Einstein




The study of symmetries is foundational for the

iIntimate connection between mathematics and physics
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What do we mean by symmetries?

continuous rotational symmetry finite reflection symmetry



What do we mean by symmetries?

continuous rotational symmetry finite reflection symmetry



What do we mean by symmetries?

Symmetry transformations

form a group

finite reflection symmetry



Finite simple groups

Finite groups that cannot be divided into smaller pieces are called simple

They are like building blocks of symmetries
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The classification of finite simple simple groups
IS one of the most extensive projects in mathematics

Complete proof consists of:

10 000+ pages
100+ journals

100+ mathematicians




The Periodic Table Of Finite Simple Groups
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Monster group Borcherds

Fields medal in 1998

2d conformal field theory

(vertex operator algebra)

[Frenkel, Lepowsky,
Meurman]

v

Modular function
J(7)






What does all this have to do with Al?




What does all this have to do with Al?
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https://www.walleniuswilhelmsen.com/insights/the-future-of-mobility-whats-the-road-ahead-for-self-driving-vehicles%5D
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Artificial neuron:

1. Input layer
2. Hidden layers

3. Output layer

Real Neuron

Artificial Neuron

£L() wo

axon from a neuron

Wwo Iy
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*® synapse
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cell body

output axon

activation
function



Artificial neuron:

1. Input layer
2. Hidden layers

3. Output layer

Deep Neural Network

input layer hidden layer 1 hidden layer 2 hidden layer 3
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Image classification



Image classification

‘“skateboard”
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Fruits

chatGPT’s
proposal

1 year ago



| Fruits

IMAGE CLASSIFICATION

Fruits

chatGPT’s chatGPT's

proposal proposal

1 year ago today



Reflection symmetry

| [ reflect /] [
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Reflection symmetry

”' . reflect ”'

e Are All Fighters.™

Invariance:

- i ®
21| ENGAGE®
< We Are All Fighters™

encace: iy ||¢ The output is unchanged
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Segmentation

segment

l reflect

[Image from: Weiler, Forré, Verlinde, Welling (2023)]




Segmentation

segment

Equivariance:

l reflect The output transforms

according to the

transformation of the input

o
segment




Segmentation

commutative
diagram

segment
é

l reflect

segment
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[Images from: Weiler, Forré, Verlinde, Welling (2023)]
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[Images from: Weiler, Forré, Verlinde, Welling (2023)]
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Convolutional Neural Networks

“Convolutional networks are simply neural networks that use convolution in place of
general matrix multiplication in at least one of their layers.”

[Goodfellow, Bengio, Courville]




Mathematical structure

For each layer we have a feature map:

f:ZQ% K




Mathematical structure

For each layer we have a feature map:

B
il

I s I

i I
SEPNE BE R
FIIHP"" il W

IF My L | . R

no. of channels

(s q)

pixel coordinate



Kernel (filter): ) : 7,° — R*™

Convolution: |f *¥|(x Z ka )k (T —

yezZ? k=1



Convolution:

Kernel (filter): ) : 7,° — R*™

(@ Zka )Vr(z —y)

yeZ? k=1

Image Matrix
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Output Matrix

/

[Figure from machinelearninguru.com]



http://machinelearninguru.com

Kernel (filter): ) : 7,° — R*™

Convolution: |f *¥|(x Z ka )k (T —

yezZ? k=1

Translation map: |1'(¢) f|(x) = f(x + t)




Kernel (filter): ) : 7,° — R*™

Convolution: |f *¥|(x Z ka )k (T —

yezZ? k=1

Translation map: |1'(¢) f|(x) = f(x + t)

Convolution is equivariant w.r.t. translations

L(t) flxp =T@)f x|



Convolution is equivariant w.r.t. translations

L) flx =T (@) f 1

But what about more general symmetries?



Locally, we can think of feature maps as functions f . G / H — V

Example: G = Z2 H = {1} V =R~"

Feature maps are sections! f: 72 s RE



Locally, we can think of feature maps as functions f . G / H — V

Example: G = 77 H = {1} V =R"

Feature maps are sections! f .72 _y RE

This Is a vector bundle:




Locally, we can think of feature maps as functions f . G / H — V

Example: G = Z2 H = {1} V =RHX

Feature maps are sections! f .72 _y RE

General structure of group equivariant CNNSs:

Layers defined with group-equivariant convolutions:

= Yl(g /Gka )i (gh)dh

k=1
[Kondor, Trivedi][Cohen, Geiger, Weller]



Sections of P — (& / H belong to the induced representation:

F=TIndGp={f:G—=V]|f(gh)=ph ")f(g)}



Sections of P — (& / H belong to the induced representation:

F=TIndGp={f:G—=V]|f(gh)=ph ")f(g)}

12

{ Maps between layers }

(G — equivariant linear maps
in the CNN

between feature spaces f — F’



Sections of P — (& / H belong to the induced representation:

F=TIndGp={f:G—=V]|f(gh)=ph ")f(g)}

{ Maps between layers }

(G — equivariant linear maps
in the CNN

between feature spaces f — F’

HOIIlG (.F, f’)

(intertwining operators)




What if the input data is curved?

-05

05

6

Cosmic microwave background radiation

-

[Image from the Woodscape dataset, projected onto a sphere]



Example: Spherical signals

By Gerken, Carlsson, Linander, Ohlsson, Petersson, D.P.

[ICML 2022, arXiv: 2202.03990]
G = SO(3)
H = SO(2)

G/H = S°

Feature f : SQ N

maps

Relevant for:

* Omnidirectional vision
* Weather and climate data

* Cosmology & astrophysics

* Medical imaging
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HEAL-SWIN: A Vision Transformer On The Sphere

Oscar Carlsson**®  Jan E. Gerken*®

Christoffer Petersson®¢“

Abstract

High-resolution wide-angle fisheye images are becom-
ing more and more important for robotics applications
such as autonomous driving. However, using ordinary
convolutional neural networks or vision transformers on
this data is problematic due to projection and distor-
tion losses introduced when projecting to a rectangular
grid on the plane. We introduce the HEAL-SWIN trans-
former, which combines the highly uniform Hierarchi-
cal Equal Area iso-Latitude Pixelation (HEALPix) grid
used in astrophysics and cosmology with the Hierarchical
Shifted-Window (SWIN) transformer to yield an efficient
and flexible model capable of training on high-resolution,
distortion-free spherical data. In HEAL-SWIN, the nested
structure of the HEALPix grid is used to perform the patch-
ing and windowing operations of the SWIN transformer, en-
abling the network to process spherical representations with
minimal computational overhead. We demonstrate the su-
perior performance of our model on both synthetic and real
automotive datasets, as well as a selection of other image
datasets, for semantic segmentation, depth regression and
classification tasks. Our code is publicly available'.

Hampus Linander ¢

Heiner SpieB¢  Fredrik Ohlsson ¢

Daniel Persson?

/ /
-
o

HEAL-SWIN SWIN

Figure 1. Our HEAL-SWIN model uses the nested structure of

the HEALPix grid to lift the windowed self-attention of the SWIN
model onto the sphere.
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PEAR: Equal Area Weather Forecasting on the Sphere

Hampus Linander Christoffer Petersson
VERSES AI Research Lab Zenseact
Los Angeles, USA Gothenburg, Sweden
and and
Department of Mathematical Sciences Department of Mathematical Sciences
Chalmers University of Technology Chalmers University of Technology
hampus.linander@chalmers.se christoffer.petersson@zenseact.com
Daniel Persson Jan E. Gerken
Department of Mathematical Sciences Department of Mathematical Sciences
Chalmers University of Technology Chalmers University of Technology
University of Gothenburg, Sweden University of Gothenburg, Sweden
daniel.persson@chalmers.se gerken@chalmers.se
Abstract

Machine learning methods for global medium-range weather forecasting have
recently received immense attention. Following the publication of the Pangu
Weather model, the first deep learning model to outperform traditional numerical
simulations of the atmosphere, numerous models have been published in this
domain, building on Pangu’s success. However, all of these models operate on
input data and produce predictions on the Driscoll-Healy discretization of the
sphere which suffers from a much finer grid at the poles than around the equator.
In contrast, in the Hierarchical Equal Area iso-Latitude Pixelization (HEALPix) of
the sphere, each pixel covers the same surface area, removing unphysical biases.
Motivated by a growing support for this grid in meteorology and climate sciences,
we propose to perform weather forecasting with deep learning models which
natively operate on the HEALPix grid. To this end, we introduce Pangu Equal ARea
(PEAR), a transformer-based weather forecasting model which operates directly on
HEALPix-features and outperforms the corresponding model on Driscoll-Healy
without any computational overhead. Code will be made available.

surface v10

model
—— PEAR
0.8 ---- Pangu
0.7 RN ~~~~~~~ Pangularge

0.9

0.6

acc

0.5

0.4
0.3

“'th
s 0.2
2 < 6 8
days
Figure 1: Left: Predicted surface level temperature from PEAR. Green lines show the HEALPix cell
boundaries at 3 levels of course-graining above the model resolution. Right: Anomaly correlation
coefficient (ACC) (higher is better) for surface level northward wind component with forecast horizon

un to 10 davs. PEAR outperforms the almost & times lareer Panecul .aree at loneer forecast horizons.



Geometric deep learning: Deep learning on manifolds




Geometric deep learning

R o

Recall Einstein’s

Principle of general covariance:

The laws of physics should take the
same form independently of which
coordinate system we use to

represent them



Geometric deep learning - A unified framework for deep learning

Principle of geometric deep learning:
The equations governing neural networks
should be equivariant with respect to

all local and global symmetries of

the input data




Geometric deep learning - A unified framework for deep learning

Principle of geometric deep learning:
The equations governing neural networks
should be equivariant with respect to

all local and global symmetries of
the input data

global transformation local gauge transformations

[Images from: Weiler, Forré, Verlinde, Welling (2023)]
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