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Unification

electricity magnetism



Unification

electromagnetism

Maxwell’s equations



Unification

Electric-magnetic duality

E B

electromagnetism



space + time = spacetime

gravity:

mass curves spacetime



Einstein’s general theory of relativity connected
differential geometry and physics

Principle of general covariance:

The laws of physics should take the 
same form independently of which

coordinate system we use to 
represent them 

Rµ⌫(g)�
1

2
gµ⌫R(g) = Tµ⌫(g, F, . . . )



How can it be that mathematics, being after all a product of human thought which is 
independent of experience, is so admirably appropriate to the objects of reality?

- A. Einstein



The study of symmetries is foundational for the 
intimate connection between mathematics and physics



The fundamental laws of Nature are determined by symmetries!



The fundamental laws of Nature are determined by symmetries!



continuous rotational symmetry finite reflection symmetry

What do we mean by symmetries?



What do we mean by symmetries?

finite reflection symmetrycontinuous rotational symmetry



finite reflection symmetry

Symmetry transformations 
form a group

What do we mean by symmetries?



2, 3, 5, 7, 11, 13,

17, 19, 23, 29, 31,

37, 41, 43, 47, 53,

59, 61, 67, 71, 73,

79, 83, 89, 97

Prime numbers

Finite simple groups 
Finite groups that cannot be divided into smaller pieces are called simple

They are like building blocks of symmetries



The classification of finite simple simple groups
is one of the most extensive projects in mathematics

10 000+ pages

100+ journals

100+ mathematicians

Complete proof consists of:



[https://irandrus.files.wordpress.com/2012/06/periodic-table-of-groups.pdf]

https://irandrus.files.wordpress.com/2012/06/periodic-table-of-groups.pdf


Monster group
M

Modular function
J(⌧)

Borcherds
Fields medal in 1998

2d conformal field theory 
(vertex operator algebra)

[Frenkel, Lepowsky,  
Meurman]



Group theory

Number

Physics

Geometry
theory



What does all this have to do with AI?



Symmetries!

What does all this have to do with AI?





[Bild från: https://adigaskell.org/2018/10/15/how-good-is-machine-translation/]

[Bild från: https://www.walleniuswilhelmsen.com/insights/the-future-of-mobility-whats-the-road-ahead-for-self-driving-vehicles]

https://adigaskell.org/2018/10/15/how-good-is-machine-translation/%5D
https://www.walleniuswilhelmsen.com/insights/the-future-of-mobility-whats-the-road-ahead-for-self-driving-vehicles%5D






[Pic from thispersondoesnotexist.com]

http://thispersondoesnotexist.com


Artificial neuron:

1. Input layer

2. Hidden layers

3. Output layer
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Image classification



“skateboard”

“boxing gloves”

“ribs”

Image classification



chatGPT’s
proposal

1 year ago



chatGPT’s
proposal

1 year ago

chatGPT’s
proposal

today



Reflection symmetry

reflect



Reflection symmetry

“boxing glove”

reflect

classify classify



Reflection symmetry

Invariance:

The output is unchanged
when we change the input

“boxing glove”

reflect

classify classify



Segmentation

[Image from: Weiler, Forré, Verlinde, Welling (2023)]



Segmentation

Equivariance:
The output transforms

according to the
transformation of the input



Segmentation

commutative 
diagram



[Images from: Weiler, Forré, Verlinde, Welling (2023)]



[Images from: Weiler, Forré, Verlinde, Welling (2023)]



Design neural networks 
that have intrinsic symmetries 

(equivariance)



Convolutional Neural Networks

“Convolutional networks are simply neural networks that use convolution in place of  
general matrix multiplication in at least one of their layers.”

[Goodfellow, Bengio, Courville]



Mathematical structure

f : Z2 ! RK

For each layer we have a feature map:



Mathematical structure

f : Z2 ! RK

For each layer we have a feature map:

(p, q)

pixel coordinate

no. of channels



Kernel (filter):  : Z2 ! RK

Convolution: [f ⇤  ](x) =
X

y2Z2

KX

k=1

fk(y) k(x� y)



Kernel (filter):  : Z2 ! RK

Convolution: [f ⇤  ](x) =
X

y2Z2

KX

k=1

fk(y) k(x� y)

[Figure from machinelearninguru.com]

http://machinelearninguru.com


Kernel (filter):  : Z2 ! RK

Convolution: [f ⇤  ](x) =
X

y2Z2

KX

k=1

fk(y) k(x� y)

Translation map: [T (t)f ](x) = f(x+ t)



Kernel (filter):  : Z2 ! RK

Convolution: [f ⇤  ](x) =
X

y2Z2

KX

k=1

fk(y) k(x� y)

Translation map:

[T (t)f ] ⇤  = T (t)[f ⇤  ]

Convolution is equivariant w.r.t. translations

[T (t)f ](x) = f(x+ t)



[T (t)f ] ⇤  = T (t)[f ⇤  ]

But what about more general symmetries?

Convolution is equivariant w.r.t. translations



Locally, we can think of feature maps as functions f : G/H ! V

Example:  G = Z2
H = {1} V = RK

Feature maps are sections! f : Z2 ! RK



Locally, we can think of feature maps as functions f : G/H ! V

Example:  G = Z2
H = {1} V = RK

Feature maps are sections! f : Z2 ! RK

PV

G/H

This is a vector bundle:

p



f : G/H ! V

Example:  G = Z2
H = {1} V = RK

Feature maps are sections! f : Z2 ! RK

General structure of group equivariant CNNs:

⇢
Feature space of a

G� equivariant CNN

�
⇠=

⇢
Sections of vector

bundles P ! G/H

�

[Kondor, Trivedi][Cohen, Geiger, Weiler]

[f ⇤  ](g) =
Z

G

KX

k=1

fk(h) k(gh)dh

Layers defined with group-equivariant convolutions:

Locally, we can think of feature maps as functions



⇢
Feature space of a

G� equivariant CNN

�
⇠=

⇢
Sections of vector

bundles P ! G/H

�

Sections of                             belong to the induced representation:

IndG
H
⇢ = {f : G ! V | f(gh) = ⇢(h�1)f(g)}

P ! G/H

F =
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⇢
Feature space of a

G� equivariant CNN

�
⇠=

⇢
Sections of vector

bundles P ! G/H

�

Sections of                             belong to the induced representation:

IndG
H
⇢ = {f : G ! V | f(gh) = ⇢(h�1)f(g)}

P ! G/H

⇢
Maps between layers

in the CNN

� ⇢
G� equivariant linear maps

between feature spaces F ! F 0

�
⇠=

F =

HomG(F ,F 0
)

(intertwining operators)



[Image from the Woodscape dataset, projected onto a sphere]

What if the input data is curved?

Cosmic microwave background radiation



Example: Spherical signals

G = SO(3)

H = SO(2)
G/H ⇠= S

2

f : S2 ! RKFeature  
maps

Relevant for :

Omnidirectional vision

Weather and climate data

Cosmology & astrophysics

By Gerken, Carlsson, Linander, Ohlsson, Petersson, D.P.

[ICML 2022, arXiv: 2202.03990]

Medical imaging







Geometric deep learning: Deep learning on manifolds



Geometric deep learning

Principle of general covariance:

The laws of physics should take the 
same form independently of which

coordinate system we use to 
represent them 

Recall Einstein’s



Principle of geometric deep learning:
The equations governing neural networks

should be equivariant with respect to
all local and global symmetries of

the input data

Geometric deep learning - A unified framework for deep learning



The equations governing neural networks
should be equivariant with respect to

all local and global symmetries of
the input data

[Images from: Weiler, Forré, Verlinde, Welling (2023)]

Geometric deep learning - A unified framework for deep learning

Principle of geometric deep learning:



Mathematics

Physics AI



Mathematics

Physics AI

Biology/Chemistry

Earth science



TACK!


