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Suggested literature

Sol Friedberg’s notes from this school:

“Automorphic forms and representations - an introduction”

Survey: “String scattering amplitudes and small automorphic representations”
w/ Guillaume Bossard and Axel Kleinschmidt, 2024
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Book: “Eisenstein series and automorphic |

[

representations - with applications
in string theory”

w/ Philipp Fleig, Axel Kleinschmidt
and Henrik Gustafsson
Cambridge University Press, 2018




1. Background and Motivation



Fourier coefficients of automorphic forms

@ Fourier coefficients of classical modular forms encode
deep number-theoretic information (counting points on elliptic curves etc..)

@ Moonshine: relations with finite sporadic groups and CFT/string theory

@ Enumerative geometry: rational curves on K3, GW-theory...

@ Higher rank groups: Langlands program
(automorphic L-functions, functoriality...)

@ The Fourier coefficients of Eisenstein series also encode
string theory scattering amplitudes



String amplitudes

Understand the structure of string interactions
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String amplitudes

Understand the structure of string interactions

Strongly constrained by symmetries!
- supersymmetr . o
PEESY / > amplitudes have intricate

- U-duality arithmetic structure G(Z)



String amplitudes

Understand the structure of string interactions

Strongly constrained by symmetries!

- supersymmetr - L
persy Y ) amplitudes have intricate

- U-duality arithmetic structure G(Z)

Symmetry constrains interactions, leads to insights about:

- non-perturbative effects (black holes, instantons) ST 2

- novel mathematical predictions from physics




Toroidal compactifications yield the chain of U=-duality groups

[Cremmer, Julia][Hull, Townsend]

D G K G(Z)

10 SL(2,R) SO(2) SL(2,7Z)

9 SL(2,R) x R SO(2) SL(2,7Z)

8 | SL(3,R) x SL(2,R) SO(3) x SO(2) SL(3,7Z) x SL(2,7)
7 SL(5,R) SO(5) SL(5,7Z)

6 Spin(5, 5, R) (Spin(5) x Spin(5))/Zs Spin(5, 5, Z)

5 Eg(R) USp(8)/Z E6(Z)

4 E7(R) SU(8)/Z E7(Z)

3 Es(R) Spin(16)/Z Es(Z)

Amplitudes are given by functions on
G(Z)\GR)/K




Toroidal compactifications yield the chain of U=-duality groups

[Cremmer, Julia][Hull, Townsend]

D G K G(Z)

10 SL(2,R) SO(2) SL(2,7Z)

9 SL(2,R) x Rt SO(2) SL(2,7Z)

8 | SL(3,R) x SL(2,R) SO(3) x SO(2) SL(3,7Z) x SL(2,7)

7 SL(5,R) SO(5) SL(5,7Z)

6 Spin(5, 5, R) (Spin(5) x Spin(5))/Zs Spin(5, 5, Z)

5 Eg(R) USp(8)/Z, Eg(Z)

4 E7(R) SU(8)/Zs E7(Z)

3 Eg(R) Spin(16)/Zs Es(Z)
Amplitudes ===  Action functional




Toroidal compactifications yield the chain of U=-duality groups

[Cremmer, Julia][Hull, Townsend]

°
D G K G(Z)
10 SL(2,R) S0(2) SL(2,7)
9 | SL(2,R) x Rt SO(2) SL(2,7)
o 8 | SL(3,R) x SL(2, R) S0(3) x SO(2) SL(3,7Z) x SL(2,Z)
7 SL(5,R) SO(5) SL(5,Z)
oo 6 Spin(5, 5, R) (Spin(5) x Spin(5))/Z> Spin(5, 5, Z)
s 5 E¢(R) USp(8)/Z» E¢(Z)
1 E7(R) SU(8)/Z E7(Z)
® 3 Eg(R) Spin(16) /Zs Eg(Z)
Amplitudes ===  Action functional

Einstein-Hilbert
action

/ d*zvVGR

Einstein’s equations

—>

R, =0




Higher-derivative action in type Il string theory
Action functional:

[ @0aVG (@) fo(9R! + (@) fa(g)0 R 4]




Higher-derivative action in type Il string theory
Action functional:

[ @0aVG (@) fo(9RE + (@) Fa(g)0 'R 4]

contraction of four Riemann tensors



Higher-derivative action in type Il string theory
Action functional:

[ @0aVG (@) fo(9R! + (@) fa(g)0 R 4]
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Higher-derivative action in type Il string theory
Action functional:

[ @G (@ olgR* + @) Galg)p 'R +-+]
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Higher-derivative action in type Il string theory
Action functional:

[ @0aVG (@) fo(9R! + (@) fa(g)0 R 4]

—» fo(9), f4(g) are functions of g € E,+1(R)/K

— must be invariant under U-duality En+1(Z)

—p supersymmetry requires that they are
Laplacian eigenfunctions

—p well-defined weak-coupling
expansions as gs — 0



Higher-derivative action in type Il string theory
Action functional:

[ @0aVG (@) fo(9R! + (@) fa(g)0 R 4]

—» fo(9), f4(g) are functions of g € E,+1(R)/K

— must be invariant under U-duality En+1(Z)

—p supersymmetry requires that they are
Laplacian eigenfunctions defining properties

—p well-defined weak-coupling of an

expansions as gs — 0

automorphic
form!




Example: type lIB in D=10

/almx\/afo(T)R4

Classical symmetry G(R) = SL(2,R)
U-duality G(Z) = SL(2,7Z)
Moduli T=xz+1iy € SL(2,R)/SO(2)

String coupling  gs =y~



Example: type IIB in D=10 / 2V fo ()R
Classical symmetry G = SL(2,R)  U.duality G(Z) = SL(2,Z)

perturbative terms non-perturbative terms

et \—

fO(T) — 2C(3)y3/2 4+ 4((2)?/_1/2 +27TZ \/Wa_z(m)e—smst(z) [1 +(9(y_1)]
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N amplitudes in the presence of instantons
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Example: type IIB in D=10 / 2V fo ()R
Classical symmetry G = SL(2,R)  U.duality G(Z) = SL(2,Z)

perturbative terms non-perturbative terms

fO(T) = 3/2 4+ 4<—(2)y—1/2 +27TZ \/Wo._z(m)e—&nst(z) |:1 + O(y_l)]

m##0
| S — N————

tree-level one-loop

% 0
% amplitudes in the presence of instantons
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Example: type IIB in D=10 / 2V fo ()R
Classical symmetry G = SL(2,R)  U.duality G(Z) = SL(2,Z)

perturbative terms non-perturbative terms

—l N

folr) = 23)y*> + 4@y +21y \/Wl“—z(m)e_[” O]

m7#£0

| —— I R —

tree-level one-loop
’ L)
=

instanton action

amplitudes in the presence of instantons

Sinst(2) 1= 27 |m|y — 2mimz



Example: type IIB in D=10 / 2V fo ()R
Classical symmetry G = SL(2,R)  U.duality G(Z) = SL(2,Z)

perturbative terms non-perturbative terms

0
S — S — m#
tree-level one-loop
Q .
% ‘ amplitudes in the presence of instantons
\ >
instanton action instanton measure
Sinst(2) 1= 27 |m|y — 2mimz o_o(m) = g d—?

dlm



Example: type IIB in D=10 / 2V fo ()R
Classical symmetry G = SL(2,R)  U.duality G(Z) = SL(2,Z)

perturbative terms non-perturbative terms

et \—

fo(r) = 2§(3)y3/2 + 4C(2)y_1/2 +27TZ \/WO’_Z(m)B_Sinst(z) [1 4+ (’)(y_l)]

m7#£0

| —— I R —

tree-level one-loop

% 0
% amplitudes in the presence of instantons
\ >

Fourier expansion of an Eisenstein series at s=3/2 [Green, Gutperle]

3/2

Y .
fo(T) = Z m o+ T T =X+ 1Y
(m,n)7(0,0)

(See Sol Friedberg’s lectures for the details)



Example: type |IB in D=10 / 4"°2v/G fo(r)R*
Classical symmetry G = SL(2,R) U-duality G(Z) = SL(2,7)

perturbative terms non-perturbative terms
e \—
fo(r) = 2¢(3)y*? + 4¢C(2Qy~Y? +2r Z V|mlo_g(m)e 5t 11 + O(y=1)]
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2. Automorphic forms
and representation theory



Data:
P G(R) real simple Lie group (e.g. SL(n,R) )

» G(Z) C G arithmetic subgroup (e.g. SL(n,Z) )




Data:
P G(R) real simple Lie group (e.g. SL(n,R) )

» G(Z) C G arithmetic subgroup (e.g. SL(n,Z) )




Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

1\
| E(\, g) = Z o AP H(7g))
YEB(Z)\G(Z)

— = — ———— —_—— =




Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

- E(\g) = Z e Aol H(79))
YEB(L)\G(Z)

——— = — —_— ==

Iwasawa decomposition: G = BK = NAK

Standard Borel subgroup B—=NA
(minimal parabolic) o



Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

1\
. E(\g) = Z e\ AtPIH(79))
VEB(Z)\G(Z)

——— = — —_— ==

Iwasawa decomposition: G = BK = NAK

Logarithm map: H:G— () — Lie A H(nak) — loga



Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

1\
 BQg) = Y el
YEB(Z)\G(Z)

——— = — —_— ==

Iwasawa decomposition: G = BK = NAK

Logarithm map: H:G— () — Lie A H(nak) — loga

1
Weight: Aeh*®C Weyl vector: P = 5 Z &
a>0



Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

1\
| E(\, g) = Z o AP H(7g))
YEB(Z)\G(Z)

— = — ———— —_—— =

Godement’s domain

*
—>» Converges absolutely on a subspace of h™ ® C I\ @) > 1,Ya € I}

—>» Can be continued to a meromorphic function on all of h* ® C [Langlands]



Eisenstein series

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

Godement’s domain

*
—>» Converges absolutely on a subspace of h™ ® C I\ @) > 1,Ya € I}

—>» Can be continued to a meromorphic function on all of h* ® C [Langlands]

—>» |nvariant; E(A,vgk) — E(A,g) Y€ G(Z) ke K

1
—>» Eigenfunction of the Laplacian: Ag/xE(A, g) = §(<)\’>\> —(plp)) E(A, g)

—> Functional relation: E(A, g) = M(w,\)E(wA,g), Yw € W(g)



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}

Morally the group (5 acts on this space via the right-regular representatic

(p(h)p) (9) = ¢(gh) foroc Aand h,g € G

In reality, one must ensure compatibility with the K-action which leads to a
so called Harish-Chandra module structure. But we skip that story here.



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}

Morally the group (5 acts on this space via the right-regular representatic

(p(h)p) (g) = p(gh) foro€ Aand h,g € G

In reality, one must ensure compatibility with the K-action which leads to a
so called Harish-Chandra module structure. But we skip that story here.

[Gelfand, Graey, Piatetski-Shapiro][Langlands]...



Toy model: Fourier analysis on Z\R = S*

Any function [ € C°°(Z\R) can be decomposed into a Fourier series:

flx) = crbr(x)

keZ

Ve @ Z\R — U(1) Vp(z) =™ L eZ zeR



Toy model: Fourier analysis on Z\R = S*

Any function [ € C°°(Z\R) can be decomposed into a Fourier series:

flx) = crbr(x)

keZ
Ve @ Z\R — U(1) Vp(z) =™ L eZ zeR

Moderate growth: restrict to square integrable functions

L*(Z\R) = {f € C=(Z\R) | ) |ex|* < o0}

k€ oo

(G =R acts on L’ (Z\R) via the regular representation

(p(y)f)(x) = f(z +y)



Toy model: Fourier analysis on Z\R = S*

Any function [ € C°°(Z\R) can be decomposed into a Fourier series:

flx) = crbr(x)

keZ
ko Z\R — U(1) Vp(z) =™ L eZ zeR

Moderate growth: restrict to square integrable functions

L*(Z\R) = {f € C=(Z\R) | ) |ex|* < o0}

k€ oo

L*(Z\R) = & Cy,

keZ



Toy model: Fourier analysis on Z\R = S*

Any function [ € C°°(Z\R) can be decomposed into a Fourier series:

flx) = crbr(x)

keZ
Ve @ Z\R — U(1) Vp(z) =™ L eZ zeR

Moderate growth: restrict to square integrable functions

L*(Z\R) = {f € C=(Z\R) | ) |ex|* < o0}

k€ oo

9 “automorphic
L (Z\R) — ‘;@ representation”

keZ




Representation theory of Eisenstein series

Eisenstein series are attached to the (non-unitary) principal series:

I(\) =Indfx = {f: G — C| f(bg) = x(b)f(g),b € B}



Representation theory of Eisenstein series

Eisenstein series are attached to the (non-unitary) principal series:

I(\) =Indfx = {f: G — C| f(bg) = x(b)f(g),b € B}

v = e{ATplH) 0B
in Sol’s lectures

The theory of Eisenstein series then defines a map
E: I\ — A(G(Z)\G(R))

Y Z eAtrIH(79))
—
YEB(Z)\G(Z)

from the principal series to the space of automorphic forms on G(R)



3. Fourier coefficients



Whittaker coefficients

The periodicity f(7+1)= f(7) generalises to
E(A\ng) =E\.g) ne& N(Z)

Much more complicated since N(Z) is non-abelian.



Whittaker coefficients

The periodicity f(7+1)= f(7) generalises to
E(A\ng) =E\.g) ne& N(Z)
Much more complicated since N(Z) is non-abelian.

General structure:

E()‘vg) — EconSt(Avg) + Z W?ﬂ()‘vg) +
1 7
constant term
(zero-mode)

perturbative
effects



Whittaker coefficients

The periodicity f(7+1)= f(7) generalises to
E(A\ng) =E\.g) ne& N(Z)
Much more complicated since N(Z) is non-abelian.

General structure:

E()\,g) _ ECOHSt(A,g) _I_ Z Ww()\’g) _|_ . o .
B
abelian coefficient
(non zero-modes)

non-perturbative
effects



Whittaker coefficients

The periodicity f(7+1)= f(7) generalises to
E(A\ng)=FE(\,g) né€ N(Z)
Much more complicated since N(Z) is non-abelian.

General structure:

E()‘vg) — EconSt(Avg) T Z W?ﬂ()‘vg) T
‘” T
non-abelian coefficients
(non zero-modes)

non-perturbative
effects



Whittaker coefficients

E()‘ag) — Econst()\jg) T ZW¢(A79) T
(&



Whittaker coefficients

E(Amg) — Econst()\jg) T ZW¢(A7Q) T
(&

Wy (g) = / E(\ng)p(n)dn  Yimcarer
N(Z)\N(R)

Y N(Z)\N((R) — U(1) unitary character on N (R)
trivial on N(Z)



Whittaker coefficients

E(Avg) — Econst()\jg) T ZWTﬂ()‘ag) T
(&

Whi k
Walo) = [ v FO U g
Y N(Z)\N((R) — U(1) unitary character on N (R)

271 ) ;mjx;  (simple roots)




Holomorphic modular form f(7) Te H=SL(2,R)/U(1)

o (1 5)) = vterny = e

r € R m e

w genel’ic <—> m # O



Holomorphic modular form f(7) Te H=SL(2,R)/U(1)

o((M 1)) mutery =amme Wn(r) = /01 fr+1)e™™™ du

r € R m € 7,

2T TN T
C\mT )€
) generic <«—» m # 0 ( )

™m

c(m)q



Holomorphic modular form f(7) Te H=SL(2,R)/U(1)

o (1)) = vt = eemime Wm<7>=/01f<7+1>e—2mdu

r e R m € 7 -
— C(m)e TimT
) generic <«—>» T # 0
™m
= c(m)q
Non-holomorphic Eisenstein series
seC
y° .
E — T=x+ 1y e H
(S’T) Z ]m+n7\28 T Y

(m,n)€L2
(m,n)=1



Holomorphic modular form f(7) Te H=SL(2,R)/U(1)

s (1 9)) = uerrn e W) = /01 F(r + 1)e=2mime gy

1

r e R m € 7 -
— C(m)e TimT
) generic <«—>» T # 0
™m
= c(m)q
Non-holomorphic Eisenstein series
seC
y° .
E — T=x+ 1y e H
(S’T) Z ]m+n7\28 T Y

(m,n)€L2
(m,n)=1

VY
&(2s)

01—-2s (m)Ks—l/Q(Zﬂ-‘m‘y)e2ﬂimx

T

(modified) Bessel function

1
W (T) :/ E(s, 74+ u)e 2™y =
0

01—23(m) _ Zdl—Qs

dlm



Adelic framework

An efficient, but abstract, way to approach the subject of
automorphic forms is by the introduction of adeles,

rather ungainly objects that nevertheless, once familiar,

spare much unnecessary thought and many useless calculations.

— Robert P. Langlands



Adelic framework

An efficient, but abstract, way to approach the subject of
automorphic forms is by the introduction of adeles,

rather ungainly objects that nevertheless, once familiar,

spare much unnecessary thought and many useless calculations.

— Robert P. Langlands

Compute

Adelic Eisenstein series >

Adelic Fourier coefficient

I Lift l Restrict

Eisenstein series Fourier coefficient



arithmetic groups

space of
automorphic forms

Adelic framework

G(Z) C G(R)

A(G(Z)\G(R))



Adelic framework

arithmetic groups G(Z) C G(R) > G(@) C G(A)

space of A(G(Z)\G(R)) > A(G(@)\G(A))

automorphic forms

U U

Eisenstein Z oA tPlH (7)) - Z eAtPIH(9))
series ~eB(Z)\G(Z) YEB(Q\G(Q)

ANeEh ®C H:G—



Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

Wy (A, 9) =/

N(A)

x(wong) Y(n)dn = H Wy,



Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

Wolhg) = [ X(wong) on)dn = [] W5,

N(A) \ .

wo = longest element of W (g)

Compare: Euler product of Riemann zeta function




Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

Wy (A, 9) =/

N(A)

x(wong) Y(n)dn = H Wy,




General Fourier coefficients

p P = LU standard parabolic of (3

Example: p_

x| X K X




General Fourier coefficients

p P = LU standard parabolic of (3

D unitary character ¢y : U(Q)\U(A) — U(1)



General Fourier coefficients

p P = LU standard parabolic of (3

D unitary character vy : U(Q)\U(A) — U(1)

} For any automorphic form ¥ we have the U -coefficient

Also known as “unipotent period integral’.



® These are not Eulerian in general

o Foyy (ug) — wU(u)F%DU (g) Vu e U

o Very difficult to compute in general

® |dea: consider special types of automorphic representations
(motivated by string theory)



Perturbative limit - choices of unipotent subgroups

P _ LU Levi subgroups:

o gno ° J S O
- Decompactification limit _@_O

- perturbative parameter: radius of decompactified circle I _F
— L7

- non-perturbative effects: KK-instantons, BPS-instantons

- String perturbation limit o
—@—@

- perturbative parameter: string coupling

- non-perturbative effects: D-instantons, NS5-instantons L = Dy

- M-theory limit

®
- perturbative parameter: volume of M-theory torus @_@_@

- non-perturbative effects: M2- & Mb5-instantons L=A-



Example: G = S0O(5,5) type Il string theory on T'# [Green, Russo,Vanhove]

Higher-derivative coupling: / d*zV G fy (g)R*




Example: G = S0O(5,5) type Il string theory on T'# [Green, Russo,Vanhove]

Higher-derivative coupling: / d*zV G fy (g)R*

Eisenstein series: fo(g) = E(2sA1 — p, g) s=23/2

Consider string theory limit: P = LU I
L=50(4,4) e




Example: G = S0O(5,5) type Il string theory on T'# [Green, Russo,Vanhove]

Higher-derivative coupling: / d*zV G fy (g)R*

Eisenstein series: fo(g) = E(2sA1 — p, g) s=23/2

Consider string theory limit: P = LU I
L=50(4,4) e

Perturbative contribution: Constant term

2C(3
/ E(3A1 — p,ug)du = C(Q ) - poOA)
U(Z)\U (R) 9s




Example: G = S0O(5,5) type Il string theory on T'# [Green, Russo,Vanhove]

Higher-derivative coupling: / d*zV G fy (g)R*

Eisenstein series: fo(g) = E(2sA1 — p, g) s=23/2

Consider string theory limit: P = LU I
L=50(4,4) e

Perturbative contribution: Constant term




4. Small representations



Minimal automorphic representations

[Joseph][Brylinski, Kostant][Ginzburg, Rallis, Soudry][Kazhdan, Savin]....



Minimal automorphic representations

[Joseph][Brylinski, Kostant][Ginzburg, Rallis, Soudry][Kazhdan, Savin]....

Automorphic forms ¥ € Tmin are characterised by having
very few non-vanishing Fourier coefficients.

[Ginzburg, Rallis, Soudry]




Physical couplings g € En(R)
[ raVEhgRt folg) = E(3/2,9 s =3/2
[ VGO R falg) = E(5/2.9) Ny

These partition functions are Eisenstein series attached to small

automorphic representations of G.
[Green, Miller,Vanhove][Pioline]

minimal automorphic next-to-minimal automorphic
representation representation
Tmin Tntm

/2 - BPS |/4 - BPS



P

LU

Example for min rep of SL(5,A)

L=SL(4)xGL(1) U=

<




YU

P=LU

(

Example for min rep of SL(5,A)

L = SL(4) x GL(1)

\

_ 2mikx

rec A keQ

U

(/1 \
1
:<( 1 )}
1
\ )

rank(¢yy) =1

=X X X X



Example for min rep of SL(5,A)

1 *
P=LU L=SL(4)xGL(1) U = {( 1112)}
1
[t )
by 1 | |=em 2eAkeQ  rank(yy) =1
1 x




Example for min rep of SL(5,A)

P=LU L=5SL(4)x GL(1) U = {( 111§)}
((* )
Yu 1 s | | =™ reA keQ rank(yy) = 1
1 =z
\\ 1) )

For s = 3/2 this captures the contrlbutlons from M2-brane
instantons in M-theory compactified on T* [Green, Miller,Vanhove]

Instanton measure: o-1(k) = Z d-



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]
Let & be a semisimple, simply laced Lie group.
Then all Fourier coefficients of ¥ € Tntm are completely

determined by degenerate Whittaker vectors of the form

W (1) = / o(ng)dam)dn
N(Q)\N(A)

W . (prg) = / o(ng) s (0)dn
N(@Q)\N(A)

where (o, B) are commuting simple roots.

This generalises earlier results of [Ginzburg, Rallis, Soudry][Miller, Sahi]



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]
Let G be a semisimple, simply laced Lie group.
Then all Fourier coefficients of ¥ € Tntm are completely

determined by degenerate Whittaker vectors of the form

W (1) = / o(ng)dam)dn
N(Q)\N(A)

W . (prg) = / o(ng) s (0)dn
N(@Q)\N(A)

where (o, B) are commuting simple roots.

This allows to extract instanton effects to 1/4-BPS couplings



Corollary: [Gourevitch, Gustafsson, Kleinschmidt, Sahi, DP]

Any © € Tptm can be expanded as

o)=Y  Folg)

OEWF(T‘-ntm)

where each J ¢ is linearly determined by degenerate Whittaker coefficients



Corollary: [Gourevitch, Gustafsson, Kleinschmidt, Sahi, DP]

Any © € Tptm can be expanded as

o)=Y  Folg)

OEWF(T‘-ntm)

where each J ¢ is linearly determined by degenerate Whittaker coefficients

Recall orbit coefficients in Sol’s lecture!

* Tmin - @(g):f(?o( )_I_Fomzn( )

P Toim  0(9) = Fo,(9) + F0,:.(9) + Fo,m(9)



Focus on exceptional groups

@2
o o o — - —@ ®
1 3 4 D n—1 n

Functional dimension of minimal representations:

11, E
GKdim 7, = < 17, b
29.  F



(dim of generic rep: 120)

Es=1®56® (E;®1)®56® 1



(dim of generic rep: 120)

Es=1®56® (E;®1)®56® 1
U

28 D1



(dim of generic rep: 120)

Es=1®56@ (B d1)d56 31

U
@D
Minimal representation realized by the /

group action on functions of these 29 variables




Minimal representation of exceptional groups

2
I 11, FEg
o o o— - o o GKdlm Tmin — 17, E7
1 3 4 5 n—1 n 29, Exg

Minimal automorphic forms can be obtained as  [Ginzburg, Rallis, Soudry]
special values of Eisenstein series (also [Green, Miller;Vanhove])

Theorem: E(2sA1 — p,9) € Tpmin when s=3/2



Example: G = E7

E(2sA1 — p,g) = ©(g) b7 =27 & (E@ D 1) B 27

Theorem: 7nmin 2 ¥(9) = pu + > Ey,. (v9)

yEStabr, (¢a7)\L<Q) [Ginzburg, Rallis, Soudry]



Example: G = E7

E(2sA1 — p,g) = ©(g) E7 = 27 D (E@ D 1) B 27

Theorem: min 3 ¢(9) = ¢u + > Ey,. (79)

yEStabr, (¢a7)\L<Q) [Ginzburg, Rallis, Soudry]

The complete expansion is given Stabr, (1a. )\L = (SO(5,5) x @16)\E6(@)
in terms of the smallest

non-trivial character variety orbit dim =17 [Miller, Sahi]

dimension of the
minimal representation!



Example: G = E7

E(2sA1 — p,g) = ©(g) E7 = 27 D (E@ D 1) B 27

Theorem: min 3 ¢(9) = ¢u + > Ey,. (79)

yEStabr, (¢a7)\L(Q) [Ginzburg, Rallis, Soudry]

The complete expansion is given Stabr, (1a. )\L = (SO(5,5) x @16)\E6(@)
in terms of the smallest

non-trivial character variety orbit dim =17 [Miller, Sahi]

dimension of the
minimal representation!

Physically, the sum is over 1/2 BPS instanton charges
in string theory on T26!



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim
may then be expanded as follows

@@i@@@O

1(9) = Fouolnl@) + D (WeolnlG0)+ D0 D" > Wogrulnl(v79))

’YGPQOO €1 ’yEI’z QPEQXQ
+ Z / W<Po+¢0 (vYg) dv + Z ( Z WC‘PO (wsg) +
7€A weW (K) ceKX

ST Wornlowat & [ Wassitivns)

ceK> i€l v€li yegX YEMy (A




Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim

@@i@@@O

DY D Weurulnl(v39))

icl vely; 1?695@-

n(ig v+ Y (D Weplnl(wsg) +

weW (K) ceKX

nlwsg) + 3 [ Wyrwlnl(viusg))

may then be expanded as follows

contribution from O,,,;., to the abelian term

/ T](ug)du [ = [UHeisa UHeis]
Z(F)\Z(A)



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim

@_@)z@@@O

1(9) = Fs,olil(g) + Z (Weolrl o) D= Z Weotulnl(179))

may then be expanded as follows

fvﬁl“
+ Z / W<p0—|—¢o [(vyg) dv Z (Z WC‘PO (wsg) +
7€A weW|K) ceKX
S wWalwlilowsg+ 3 [ Wogrwlnwiwsg))
c€K* i€l vel'i hegX o, ’YEMV(A

contribution from O+, to the abelian term



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim
may then be expanded as follows

@@i@@@O

n(g) = Fs.olnl(g) + > ( F 4D N > Wl 779))

fyeI‘SOO el ’)/EF nx .
+Z / Woo+o 1 (v79) dv Z (Z Wepo [N (wsg) +
yeA,, W (K) c€KX
ST Y Wensalilowso) £ Y | Wegsulnlviusy))
ceKx i€l ’YEFMpng% %MV(A)

contribution from O,.;,, to the non-abelian term



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim

@@i@@@O

1(9) = Fswolnl9) + Y (Waltl(G9)+ 3D D" Wegrulnl(v39))

may then be expanded as follows

76F900 el vel'; ¢€gxa
+ Z / W<P0+¢0 (vYg) dv + Z (Z WC‘PO (wsg) +
YEA,, weW(K) ceKX
ST Y Wenslilwsg) + 3 [ Waprslileiwsg)
GKX el vel'; weg o WEMV(A

contribution from O+, to the non-abelian term



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Consider G = Eig. Any automorphic form 1) € Tnim

@@i@@@O

1(9) = Fswolnl9) + Y (Waltl(G9)+ 3D D" Wegrulnl(v39))

may then be expanded as follows

€Ty, el yel; ¢€g><a
—I—Z / W o410 IN](V7G) dv + Z (Z Weopo ] (wsg) +
7€A weW (K) ceKX
U Y Weraliltuwsg) + 3 / Wio-oa il (v039)
ceK> i€l v€li yegX YEMy (A

From this we can in principle extract 1/4 BPS instanton effects
[In progress with Gustafsson, Gourevitch, Kleinschmidt, Sahi]

See also [Bossard-Pioline]



4. “Generalised automorphic forms”



work in progress with

AXxel Kleinschmidt

3 &
A g
‘
f/

Dmitry Gourevitch Guillaume Bossard



[ O aVE (@) SR + (@ filg) IR 4

What happens at higher orders!?

The next term is 9°R?

What kind of automorphic object appears here!



gs (genus) }

What happens at higher orders!?

Hasse diagram for E7

> o (energy)




gs (genus) }

What happens at higher orders!?

> o/ (energy)

Hasse diagram for E7

gé

(v+) 1/4 BPS

1/2 BPS

® R




(A3Ap)”

A72A| There are two maximal orbits

at the next level!




! é/
What kind of automorphic object appears?

Guess: “next-to-next-to min rep”

1/8 BPS
1/8 BPS .
virt 1/4 BPS
t = 1/2 BPS

® R



! s/
What kind of automoa‘h% object appears?

(
Guess: “nex@'ﬂo-next-to min rep”

1/8 BPS
1/8 BPS =
virt 1/4 BPS
t = 1/2 BPS

® R



What kind of automo %IC object appears?
Guess: “newl:s next-to min rep”

gs genus)d YW V) | Q/
' ', . ', A ‘ 1/8 BPS
Sty el el o] e .\
e s e e wx 1/4 BPS

. I o/ (energy

# 1/2 BPS

o
o't
@



For example, 9%R* in D=10 predicts a function F(7T) satisfying

(Ar —12) F(1) = —(E3/2(7))

[Green,Vanhove][Green, Miller,Vanhove][Fedosova, Klinger-Logan, Radchenko]

2



For example, 9%R* in D=10 predicts a function F(7T) satisfying

(A, —12)F(r) = —(E32(1))°

[Green,Vanhove][Green, Miller,Vanhove][Fedosova, Klinger-Logan, Radchenko]

These are not eigenfunctions of the Laplace operators,
but satisfy Poisson-type equations.

(Violates Z -finiteness)

The equation can be solved using Poincare series, Fourier expansion or
spectral methods

[Green, Miller,Vanhove][Ahlen, Kleinschmidt][Dorigoni, Kleinschmidt][Klinger-Logan]
[Dorigoni, Green,Wen]...



More generally the equation is of the form

(AG/K — )‘)antm

2
_fmin



More generally the equation is of the form

2
Explicit solution proposed for D=6
fr2em = 8T R.N / 40 . (2, #) oKz (Q) 16¢(8) g,
n2tm — OT Iu.N. - |Q2\3 5,5,2\34y @) PKZ 189 ~4As

[Pioline][Bossard, Kleinschmidt][Bossard, Kleinschmid, Pioline]

* SO(5,5;7Z) -invariant

* Solves the differential equation

»» Fourier expansion partially known



What kind of object are we dealing with!?
* fn2tm

Recall: Automorphic representation is given by

® (9, K) -module at Archimedean place

® G(Qp) -representation at finite places

We don’t know the p-adic story yet, but we may be
able to say something about the Archimedean setting



Focus on Archimedean setting. G(R) -action given by

d

(DxF)(9) = - F(ge™)],_,

This extends to U (@) and gives a (g, K )-module in the standard case.



Focus on Archimedean setting. G(R) -action given by

d

(DxF)(g) = - F(ge™)|

This extends to U (@) and gives a (g, K )-module in the standard case.

* When Z -finiteness fails, still get a U (g) -module!
(But not a (9, K') -module)

But what kind of module is this?



Conjecture: The Fourier coefficients are of the form

/ Frzem () B (@)t = ¢y (fazem) Bhom.s (9) + BI (g)
U(Z)\U (R)

U Heisenberg =i Bmzn ( ) exponentially suppressed

Physics predicts that C¢(fn2tm) blows up exponentlally

due to black holes

All this is work in progress with Bossard, Friedbersg,
Gourevitch and Kleinschmidt.

To be continued...



Thank you!



