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1. Background and Motivation



The Fourier coefficients of Eisenstein series also encode 
string theory scattering amplitudes

Higher rank groups: Langlands program

Fourier coefficients of classical modular forms encode 
deep number-theoretic information (counting points on elliptic curves etc..)

Moonshine: relations with finite sporadic groups and CFT/string theory

Enumerative geometry: rational curves on K3, GW-theory…

(automorphic L-functions, functoriality…)

Fourier coefficients of automorphic forms



Understand the structure of string interactions

String amplitudes



Understand the structure of string interactions

String amplitudes

genus expansion

String amplitudes have a 
two-parameter expansion

[picture stolen from Axel!]



Understand the structure of string interactions

Strongly constrained by symmetries!

- supersymmetry

- U-duality
amplitudes have intricate 
arithmetic structure G(Z)

String amplitudes

genus expansion



String amplitudes
Understand the structure of string interactions

Strongly constrained by symmetries!

- supersymmetry

- U-duality

Symmetry constrains interactions, leads to insights about:

- non-perturbative effects (black holes, instantons)
- novel mathematical predictions from physics

amplitudes have intricate 
arithmetic structure G(Z)

genus expansion



Toroidal compactifications yield the chain of U-duality groups
[Cremmer, Julia][Hull, Townsend]

Amplitudes are given by functions on

G(Z)\G(R)/K



Toroidal compactifications yield the chain of U-duality groups
[Cremmer, Julia][Hull, Townsend]

Amplitudes Action functional



Toroidal compactifications yield the chain of U-duality groups
[Cremmer, Julia][Hull, Townsend]

Amplitudes Action functional
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Einstein-Hilbert
action

Einstein’s equations

Rµ⌫ = 0
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Higher-derivative action in type II string theory
Action functional:



contraction of four Riemann tensors
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Higher-derivative action in type II string theory
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are functions of f0(g), f4(g) g 2 En+1(R)/K

must be invariant under U-duality En+1(Z)

supersymmetry requires that they are 
Laplacian eigenfunctions 

well-defined weak-coupling 
expansions as gs ! 0
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defining properties 
of an 

automorphic 
form!

are functions of f0(g), f4(g) g 2 En+1(R)/K

must be invariant under U-duality En+1(Z)

supersymmetry requires that they are 
Laplacian eigenfunctions 

well-defined weak-coupling 
expansions as gs ! 0

Higher-derivative action in type II string theory
Action functional:



Example: type IIB in D=10 
Z

d10x
p
Gf0(⌧)R4

Classical symmetry

U-duality G(Z) = SL(2,Z)
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G(R) = SL(2,R)
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Moduli 

String coupling gs = y�1
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instanton action
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d�2

instanton measure



Fourier expansion of an Eisenstein series at s=3/2

f0(⌧) =
X

(m,n) 6=(0,0)

y3/2

|m+ n⌧ |3 ⌧ = x+ iy
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[Green, Gutperle]

(See Sol Friedberg’s lectures for the details)
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Fourier coefficients of automorphic forms encode 
information about scattering amplitudes!



2.  Automorphic forms
and representation theory



An automorphic form is a smooth function                       satisfying 

Definition:
' : G �! C

1. Automorphy: 8� 2 G(Z), '(�g) = '(g)

2. ' is an eigenfunction of the ring of inv. di↵. operators on G

3. ' has well-behaved growth conditions

Data:

real simple Lie group SL(n,R)(e.g.                  )

G(Z) ⇢ G SL(n,Z)(e.g.                  )

G(R)

arithmetic subgroup

4.K-finiteness
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2. ' is an eigenfunction of the ring of inv. di↵. operators on G

3. ' has well-behaved growth conditions

Data:

real simple Lie group SL(n,R)(e.g.                  )

G(Z) ⇢ G SL(n,Z)(e.g.                  )

G(R)

arithmetic subgroup

4.K-finiteness
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Focus on Eisenstein series



Eisenstein series
The Langlands Eisenstein series on a semi-simple Lie group is defined by:

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i



The Langlands Eisenstein series on a semi-simple Lie group is defined by:

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

G = BK = NAKIwasawa decomposition:

A ⇠

0

@
⇤

⇤
⇤

1

A N ⇠

0

@
1 ⇤ ⇤

1 ⇤
1

1

A

Eisenstein series

Standard Borel subgroup 
(minimal parabolic) B = NA
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The Langlands Eisenstein series on a semi-simple Lie group is defined by:

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

H : G ! h = LieALogarithm map: H(nak) = log a

G = BK = NAKIwasawa decomposition:

Eisenstein series



The Langlands Eisenstein series on a semi-simple Lie group is defined by:

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

� 2 h? ⌦ C ⇢ =
1
2

X

↵>0

↵Weight: Weyl vector:

H : G ! h = LieALogarithm map: H(nak) = log a

G = BK = NAKIwasawa decomposition:

Eisenstein series



E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

Converges absolutely on a subspace of h? ⌦ C

Can be continued to a meromorphic function on all of h? ⌦ C

Godement’s domain
{�| h�,↵i > 1, 8↵ 2 ⇧}

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

[Langlands]

Eisenstein series



E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

Converges absolutely on a subspace of h? ⌦ C

Can be continued to a meromorphic function on all of h? ⌦ C

Eigenfunction of the Laplacian: �G/KE(�, g) =
1

2
(h�|�i � h⇢|⇢i)E(�, g)

Godement’s domain
{�| h�,↵i > 1, 8↵ 2 ⇧}

The Langlands Eisenstein series on a semi-simple Lie group is defined by:

� 2 G(Z)Invariant: E(�, �gk) = E(�, g) k 2 K

[Langlands]

Functional relation: E(�, g) = M(w,�)E(w�, g), 8w 2 W (g)

Eisenstein series



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}

L2(G(Z)\G(R))

[



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}

(⇢(h)') (g) = '(gh) for ' 2 A and h, g 2 G

Morally the group      acts on this space via the right-regular representation: G

In reality, one must ensure compatibility with the K-action which leads to a 
so called Harish-Chandra module structure. But we skip that story here. 



Automorphic representations

A (G(Z)\G(R)) = {space of automorphic forms on G(R)}

(⇢(h)') (g) = '(gh) for ' 2 A and h, g 2 G

Definition: An automorphic representation      of ⇡ G
is an irreducible representation in the decomposition of A
under the right-regular action (as a Harish-Chandra module). 

[Gelfand, Graev, Piatetski-Shapiro][Langlands]…

Morally the group      acts on this space via the right-regular representation: G

In reality, one must ensure compatibility with the K-action which leads to a 
so called Harish-Chandra module structure. But we skip that story here. 



Toy model: Fourier analysis on  

Any function                            can be decomposed into a Fourier series:f 2 C1(Z\R)

f(x) =
X

k2Z
ck k(x)

Z\R ⇠= S1

 k : Z\R ! U(1)  k(x) = e2⇡ikx k 2 Z, x 2 R



Toy model: Fourier analysis on  

Any function                            can be decomposed into a Fourier series:f 2 C1(Z\R)

f(x) =
X

k2Z
ck k(x)

Z\R ⇠= S1

Moderate growth: restrict to square integrable functions

L2(Z\R) = {f 2 C1(Z\R) |
X

k21
|ck|2 < 1}

 k : Z\R ! U(1)  k(x) = e2⇡ikx k 2 Z, x 2 R

acts on                  via the regular representation  L2(Z\R)

(⇢(y)f)(x) = f(x+ y)

G = R



Toy model: Fourier analysis on  

Any function                            can be decomposed into a Fourier series:f 2 C1(Z\R)

f(x) =
X

k2Z
ck k(x)

Z\R ⇠= S1

L2(Z\R) = {f 2 C1(Z\R) |
X

k21
|ck|2 < 1}

 k : Z\R ! U(1)  k(x) = e2⇡ikx k 2 Z, x 2 R

L2(Z\R) =
M

k2Z
C k

Moderate growth: restrict to square integrable functions



Toy model: Fourier analysis on  

Any function                            can be decomposed into a Fourier series:f 2 C1(Z\R)

f(x) =
X

k2Z
ck k(x)

Z\R ⇠= S1

L2(Z\R) = {f 2 C1(Z\R) |
X

k21
|ck|2 < 1}

 k : Z\R ! U(1)  k(x) = e2⇡ikx k 2 Z, x 2 R

“automorphic 
representation”

Moderate growth: restrict to square integrable functions

L2(Z\R) =
M

k2Z
C k



Eisenstein series are attached to the (non-unitary) principal series:

I(�) = IndG
B� = {f : G! C | f(bg) = �(b)f(g), b 2 B}

Representation theory of Eisenstein series



I(�) = IndG
B� = {f : G! C | f(bg) = �(b)f(g), b 2 B}

The theory of Eisenstein series then defines a map

E : I(�)! A(G(Z)\G(R))

from the principal series to the space of automorphic forms on G(R)

Eisenstein series are attached to the (non-unitary) principal series:

� = eh�+⇢|Hi
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Representation theory of Eisenstein series

in Sol’s lectures

�B
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3.  Fourier coefficients



The periodicity                              generalises tof(⌧ + 1) = f(⌧)

E(�, ng) = E(�, g) n 2 N(Z)

Much more complicated since            is non-abelian.N(Z)

Whittaker coefficients



General structure: 

constant term 
(zero-mode)

 perturbative 
effects

E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·

The periodicity                              generalises tof(⌧ + 1) = f(⌧)

E(�, ng) = E(�, g) n 2 N(Z)

Much more complicated since            is non-abelian.N(Z)

Whittaker coefficients



abelian coefficient 
(non zero-modes)

 non-perturbative 
effects

E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·

General structure: 

The periodicity                              generalises tof(⌧ + 1) = f(⌧)

E(�, ng) = E(�, g) n 2 N(Z)

Much more complicated since            is non-abelian.N(Z)

Whittaker coefficients



non-abelian coefficients 
(non zero-modes)

 non-perturbative 
effects

E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·

General structure: 

The periodicity                              generalises tof(⌧ + 1) = f(⌧)

E(�, ng) = E(�, g) n 2 N(Z)

Much more complicated since            is non-abelian.N(Z)

Whittaker coefficients



Whittaker coefficients

E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·



E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·

W (g) =

Z

N(Z)\N(R)
E(�, ng) (n)dn

 : N(Z)\N(R)! U(1) unitary character on N(R)
trivial on N(Z)

Whittaker 
coefficient

Whittaker coefficients



E(�, g) = Econst(�, g) +
X

 

W (�, g) + · · ·

 : N(Z)\N(R)! U(1) unitary character on N(R)

 (n) = e2⇡i
P

j mjxj

mj 2 Z

xj 2 R
if all               then          is  genericmj 6= 0  
if some               then      is degeneratemj = 0  

(simple roots)

W (g) =

Z

N(Z)\N(R)
E(�, ng) (n)dn Whittaker 

coefficient

Whittaker coefficients



x 2 R m 2 Z

generic m 6= 0

 

✓✓
1 x

1

◆◆
=  (exE↵) = e2⇡imx

Holomorphic modular form f(⌧) ⌧ 2 H ⇠= SL(2,R)/U(1)



x 2 R m 2 Z

generic m 6= 0

 

✓✓
1 x

1

◆◆
=  (exE↵) = e2⇡imx

Holomorphic modular form f(⌧)

Wm(⌧) =

Z 1

0
f(⌧ + 1)e�2⇡imu du

= c(m)e2⇡im⌧

⌧ 2 H ⇠= SL(2,R)/U(1)

= c(m)qm
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E(s, ⌧) =
X

(m,n)2Z2
(m,n)=1

ys

|m+ n⌧ |2s

s 2 C
⌧ = x+ iy 2 H

x 2 R m 2 Z

generic m 6= 0

 

✓✓
1 x

1

◆◆
=  (exE↵) = e2⇡imx

Non-holomorphic Eisenstein series

Holomorphic modular form f(⌧)

Wm(⌧) =

Z 1

0
f(⌧ + 1)e�2⇡imu du

= c(m)e2⇡im⌧

⌧ 2 H ⇠= SL(2,R)/U(1)

= c(m)qm
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Wm(⌧) =

Z 1

0
E(s, ⌧ + u)e�2⇡imudu

E(s, ⌧) =
X

(m,n)2Z2
(m,n)=1

ys

|m+ n⌧ |2s

s 2 C
⌧ = x+ iy 2 H

x 2 R m 2 Z

generic m 6= 0

 

✓✓
1 x

1

◆◆
=  (exE↵) = e2⇡imx

Non-holomorphic Eisenstein series

=

p
y

⇠(2s)
�1�2s(m)Ks�1/2(2⇡|m|y)e2⇡imx

(modified) Bessel function

Holomorphic modular form f(⌧)

Wm(⌧) =

Z 1

0
f(⌧ + 1)e�2⇡imu du

= c(m)e2⇡im⌧

�1�2s(m) =
X

d|m

d1�2s

⌧ 2 H ⇠= SL(2,R)/U(1)

= c(m)qm
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An efficient, but abstract, way to approach the subject of 
automorphic forms is by the introduction of adeles, 
rather ungainly objects that nevertheless, once familiar, 
spare much unnecessary thought and many useless calculations.

— Robert P. Langlands

Adelic framework



An efficient, but abstract, way to approach the subject of 
automorphic forms is by the introduction of adeles, 
rather ungainly objects that nevertheless, once familiar, 
spare much unnecessary thought and many useless calculations.

— Robert P. Langlands

Eisenstein series

Adelic Eisenstein series Adelic Fourier coefficient

Fourier coefficient

Compute

Lift Restrict

Adelic framework



Adelic framework

G(Z) ⇢ G(R)arithmetic groups G(Q) ⇢ G(A)

space of 
automorphic forms

A
�
G(Z)\G(R)

�
A
�
G(Q)\G(A)

�



Adelic framework

G(Z) ⇢ G(R)arithmetic groups G(Q) ⇢ G(A)

space of 
automorphic forms

A
�
G(Z)\G(R)

�
A
�
G(Q)\G(A)

�

[ [
Eisenstein 

series

X

�2B(Q)\G(Q)

eh�+⇢|H(�g)i
X

�2B(Z)\G(Z)
eh�+⇢|H(�g)i

� 2 h? ⌦ C H : G ! h



Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

W (�, g) =

Z

N(A)
�(w0ng) (n) dn =

Y

p

W p



Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

w0 = longest element of W (g)

W (�, g) =

Z

N(A)
�(w0ng) (n) dn =

Y

p

W p

⇣(s) =
Y

p<1

1

1� p�s
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Compare: Euler product of Riemann zeta function



Theorem [Jacquet, Langlands]: The generic Whittaker coefficient is Eulerian

W (�, g) =

Z

N(A)
�(w0ng) (n) dn =

Y

p

W p

W p =

Z

N(Qp)
�p(w0nap) p(n) dn

W 1 =

Z

N(R)
�1(w0na1) 1(n) dn



P = LU standard parabolic of G

General Fourier coefficients



P = LU standard parabolic of G

unitary character  U : U(Q)\U(A) ! U(1)

General Fourier coefficients



P = LU standard parabolic of G

U

unitary character  U : U(Q)\U(A) ! U(1)

F U (g) =

Z

U(Q)\U(A)
'(ug) U (u)du

'For any automorphic form     we have the      -coefficient

Also known as “unipotent period integral”.

General Fourier coefficients



F U (g) =

Z

U(Q)\U(A)
'(ug) U (u)du

These are not Eulerian in general 

F U (ug) =  U (u)F U (g) 8u 2 U

Very difficult to compute in general

Idea: consider special types of automorphic representations
(motivated by string theory)



Decompactification limit

- non-perturbative effects: KK-instantons, BPS-instantons

String perturbation limit

- perturbative parameter: string coupling

- non-perturbative effects: D-instantons, NS5-instantons

M-theory limit
- perturbative parameter: volume of M-theory torus

- non-perturbative effects: M2- & M5-instantons

Perturbative limit - choices of unipotent subgroups

- perturbative parameter: radius of decompactified circle

P = LU
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Levi subgroups:

L = E7
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L = D7
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L = A7
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Example: type II string theory on 
Z

d4x
p
Gf0(g)R4Higher-derivative coupling:

G = SO(5, 5) T 4 [Green, Russo, Vanhove]



Example: type II string theory on 
Z

d4x
p
Gf0(g)R4Higher-derivative coupling:

f0(g) = E(2s⇤1 � ⇢, g) s = 3/2

G = SO(5, 5) T 4 [Green, Russo, Vanhove]

Consider string theory limit: 

Eisenstein series:

P = LU
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L = SO(4, 4)
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Example: type II string theory on 
Z

d4x
p
Gf0(g)R4Higher-derivative coupling:

f0(g) = E(2s⇤1 � ⇢, g) s = 3/2

Perturbative contribution: Constant term

G = SO(5, 5) T 4 [Green, Russo, Vanhove]

Consider string theory limit: 

Z

U(Z)\U(R)
E(3⇤1 � ⇢, ug)du =

2⇣(3)

g2
s

+ ESO(4,4)

Eisenstein series:

P = LU
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L = SO(4, 4)
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Example: type II string theory on 
Z

d4x
p
Gf0(g)R4Higher-derivative coupling:

f0(g) = E(2s⇤1 � ⇢, g) s = 3/2

Perturbative contribution: Constant term

G = SO(5, 5) T 4 [Green, Russo, Vanhove]

Consider string theory limit: 

Z

U(Z)\U(R)
E(3⇤1 � ⇢, ug)du =

2⇣(3)

g2
s

+ ESO(4,4)

Eisenstein series:

P = LU
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L = SO(4, 4)
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4. Small representations



Minimal automorphic representations

Definition:  An automorphic representation 

⇡ =
O

p1
⇡p

is minimal if each factor       has smallest non-trivial ⇡p

[Joseph][Brylinski, Kostant][Ginzburg, Rallis, Soudry][Kazhdan, Savin].…

Gelfand-Kirillov (functional) dimension.



Minimal automorphic representations

Definition:  An automorphic representation 

⇡ =
O

p1
⇡p

is minimal if each factor       has smallest non-trivial ⇡p

Gelfand-Kirillov (functional) dimension.

[Ginzburg, Rallis, Soudry]

' 2 ⇡minAutomorphic forms                 are characterised by having
very few non-vanishing Fourier coefficients.

[Joseph][Brylinski, Kostant][Ginzburg, Rallis, Soudry][Kazhdan, Savin].…



s = 3/2

s = 5/2

Physical couplings
Z

d11�nx
p
Gf0(g)R4

These partition functions are Eisenstein series attached to small 
automorphic representations of     .G

minimal automorphic
representation

next-to-minimal automorphic
representation

[Green, Miller, Vanhove][Pioline]

⇡ntm⇡min

1/2 - BPS 1/4 - BPS

f0(g) = E(3/2, g)

f4(g) = E(5/2, g)
Z

d11�n
p
Gf4(g)@

4R4

g 2 En(R)



Example for min rep of   SL(5,A)

P = LU L = SL(4)⇥GL(1) U =



P = LU L = SL(4)⇥GL(1) U =

 U

0

BBBB@

0

BBBB@

1 ⇤
1 ⇤

1 ⇤
1 x

1

1

CCCCA

1

CCCCA
= e2⇡ikx x 2 A, k 2 Q rank( U ) = 1

Example for min rep of   SL(5,A)



P = LU L = SL(4)⇥GL(1) U =

 U

0

BBBB@

0

BBBB@

1 ⇤
1 ⇤

1 ⇤
1 x

1

1

CCCCA

1

CCCCA
= e2⇡ikx x 2 A, k 2 Q rank( U ) = 1

F U (1) =
2

⇠(2s)
�2s�4(k)|k|2�sKs�2(2⇡|k|)

Example for min rep of   SL(5,A)



P = LU L = SL(4)⇥GL(1) U =

 U

0

BBBB@

0

BBBB@

1 ⇤
1 ⇤

1 ⇤
1 x

1

1

CCCCA

1

CCCCA
= e2⇡ikx x 2 A, k 2 Q rank( U ) = 1

F U (1) =
2

⇠(2s)
�2s�4(k)|k|2�sKs�2(2⇡|k|)

For                   this captures the contributions from M2-brane 
instantons in M-theory compactified on 

Instanton measure:

T 4
[Green, Miller, Vanhove]

s = 3/2

Example for min rep of   SL(5,A)

��1(k) =
X

d|k

d�1
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Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Then all Fourier coefficients of                   are completely ' 2 ⇡ntm

determined by degenerate Whittaker vectors of the form

W ↵(', g) =

Z

N(Q)\N(A)
'(ng) ↵(n)dn

W ↵,� (', g) =

Z

N(Q)\N(A)
'(ng) ↵,�(n)dn

where             are commuting simple roots.(↵,�)

Let     be a semisimple, simply laced Lie group.G

[Ginzburg, Rallis, Soudry][Miller, Sahi]This generalises earlier results of 



Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

Then all Fourier coefficients of                   are completely ' 2 ⇡ntm

determined by degenerate Whittaker vectors of the form

W ↵(', g) =

Z

N(Q)\N(A)
'(ng) ↵(n)dn

W ↵,� (', g) =

Z

N(Q)\N(A)
'(ng) ↵,�(n)dn

where             are commuting simple roots.(↵,�)

Let     be a semisimple, simply laced Lie group.G

This allows to extract instanton effects to 1/4-BPS couplings 



Any                     can be expanded as  

where each         is linearly determined by degenerate Whittaker coefficientsFO

[Gourevitch, Gustafsson, Kleinschmidt, Sahi, DP]

' 2 ⇡ntm

'(g) =
X

O2WF (⇡ntm)

FO(g)

Corollary:            



⇡min : '(g) = FO0(g) + FOmin(g)

⇡ntm : '(g) = FO0(g) + FOmin(g) + FOntm(g)

Any                     can be expanded as  

where each         is linearly determined by degenerate Whittaker coefficientsFO

[Gourevitch, Gustafsson, Kleinschmidt, Sahi, DP]

' 2 ⇡ntm

'(g) =
X

O2WF (⇡ntm)

FO(g)

Corollary:            

Recall orbit coefficients in Sol’s lecture!



Functional dimension of minimal representations:

Focus on exceptional groups



E8 = 1� 56� (E7 � 1)� 56� 1
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GKdim(⇡min) = 29
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<latexit sha1_base64="wXRUiEdF3iPgiVM0YMuKpexEuC0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/m9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBa4I0v</latexit>

(dim of generic rep:       )



E8 = 1� 56� (E7 � 1)� 56� 1
<latexit sha1_base64="oiruetsHFK6ePIyK2GLfk8LEr3Q=">AAACPHicbVDLSsNAFJ3UV62vqEs3g0Wom5LUR7sRilJwWdHWQlPCZDpph04ezEyEEvJhbvwId67cuFDErWunaRZ9eGDg3HPu5c49TsiokIbxpuVWVtfWN/Kbha3tnd09ff+gLYKIY9LCAQt4x0GCMOqTlqSSkU7ICfIcRh6d0c3Ef3wiXNDAf5DjkPQ8NPCpSzGSSrL1+4Zdu4otx4VmYgUhiwRMq4vLBGZ1qWFX4axnJqcLrfOurReNspECLhMzI0WQoWnrr1Y/wJFHfIkZEqJrGqHsxYhLihlJClYkSIjwCA1IV1EfeUT04vT4BJ4opQ/dgKvnS5iqsxMx8oQYe47q9JAcikVvIv7ndSPp1nox9cNIEh9PF7kRgzKAkyRhn3KCJRsrgjCn6q8QDxFHWKq8CyoEc/HkZdKulM2zcuXuvFi/zuLIgyNwDErABFVQB7egCVoAg2fwDj7Bl/aifWjf2s+0NadlM4dgDtrvH2AbrHI=</latexit>

GKdim(⇡min) = 29
<latexit sha1_base64="tT5NNIsr5BNi8Gr7xSkdxqVzKdU=">AAACA3icbVDLSgNBEJz1GeNr1ZteFoMQL2E3CupBCHpQ8BLBPCAbwuxkkgyZmV1mesWwLHjxV7x4UMSrP+HNv3HyOGhiQUNR1U13VxBxpsF1v625+YXFpeXMSnZ1bX1j097aruowVoRWSMhDVQ+wppxJWgEGnNYjRbEIOK0F/cuhX7unSrNQ3sEgok2Bu5J1GMFgpJa96wN9gOTqps1Emvcj1koEk+nhefGsZefcgjuCM0u8CcmhCcot+8tvhyQWVALhWOuG50bQTLACRjhNs36saYRJH3dpw1CJBdXNZPRD6hwYpe10QmVKgjNSf08kWGg9EIHpFBh6etobiv95jRg6p82EySgGKsl4USfmDoTOMBCnzRQlwAeGYKKYudUhPawwARNb1oTgTb88S6rFgndUKN4e50oXkzgyaA/tozzy0AkqoWtURhVE0CN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP3Scl2E=</latexit>

120
<latexit sha1_base64="wXRUiEdF3iPgiVM0YMuKpexEuC0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/m9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBa4I0v</latexit>

(dim of generic rep:       )

28� 1
<latexit sha1_base64="5RvVj/DNrGXXEIWrwgMjn6GUqYw=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgl0W3bisYB/QhDKZTtqhk0yYmQglZuGvuHGhiFt/w51/47TNQlsPXDhzzr3MvSdIOFPacb6tldW19Y3N0lZ5e2d3b98+OGwrkUpCW0RwIbsBVpSzmLY005x2E0lxFHDaCcY3U7/zQKViIr7Xk4T6ER7GLGQEayP17ePMC0JUq+eeSHiq0Ozp5n274lSdGdAycQtSgQLNvv3lDQRJIxprwrFSPddJtJ9hqRnhNC97qaIJJmM8pD1DYxxR5Wez/XN0ZpQBCoU0FWs0U39PZDhSahIFpjPCeqQWvan4n9dLdVj3MxYnqaYxmX8UphxpgaZhoAGTlGg+MQQTycyuiIywxESbyMomBHfx5GXSrlXdi2rt7rLSuC7iKMEJnMI5uHAFDbiFJrSAwCM8wyu8WU/Wi/VufcxbV6xi5gj+wPr8AcfjlU0=</latexit>

[
<latexit sha1_base64="3XmYJZw73GxIZtC13tEZ7T0ka7Y=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9gPapWTTbBuaZEOSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMyLFGfG+v63t7a+sbm1Xdop7+7tHxxWjo7bJkk1oS2S8ER3I2woZ5K2LLOcdpWmWEScdqLJXe53nqg2LJGPdqpoKPBIspgRbHOpT1I1qFT9mj8HWiVBQapQoDmofPWHCUkFlZZwbEwv8JUNM6wtI5zOyv3UUIXJBI9oz1GJBTVhNr91hs6dMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu14LJWf7iqNm6LOEpwCmdwAQFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zBx9ljko=</latexit>



E8 = 1� 56� (E7 � 1)� 56� 1
<latexit sha1_base64="oiruetsHFK6ePIyK2GLfk8LEr3Q=">AAACPHicbVDLSsNAFJ3UV62vqEs3g0Wom5LUR7sRilJwWdHWQlPCZDpph04ezEyEEvJhbvwId67cuFDErWunaRZ9eGDg3HPu5c49TsiokIbxpuVWVtfWN/Kbha3tnd09ff+gLYKIY9LCAQt4x0GCMOqTlqSSkU7ICfIcRh6d0c3Ef3wiXNDAf5DjkPQ8NPCpSzGSSrL1+4Zdu4otx4VmYgUhiwRMq4vLBGZ1qWFX4axnJqcLrfOurReNspECLhMzI0WQoWnrr1Y/wJFHfIkZEqJrGqHsxYhLihlJClYkSIjwCA1IV1EfeUT04vT4BJ4opQ/dgKvnS5iqsxMx8oQYe47q9JAcikVvIv7ndSPp1nox9cNIEh9PF7kRgzKAkyRhn3KCJRsrgjCn6q8QDxFHWKq8CyoEc/HkZdKulM2zcuXuvFi/zuLIgyNwDErABFVQB7egCVoAg2fwDj7Bl/aifWjf2s+0NadlM4dgDtrvH2AbrHI=</latexit>

GKdim(⇡min) = 29
<latexit sha1_base64="tT5NNIsr5BNi8Gr7xSkdxqVzKdU=">AAACA3icbVDLSgNBEJz1GeNr1ZteFoMQL2E3CupBCHpQ8BLBPCAbwuxkkgyZmV1mesWwLHjxV7x4UMSrP+HNv3HyOGhiQUNR1U13VxBxpsF1v625+YXFpeXMSnZ1bX1j097aruowVoRWSMhDVQ+wppxJWgEGnNYjRbEIOK0F/cuhX7unSrNQ3sEgok2Bu5J1GMFgpJa96wN9gOTqps1Emvcj1koEk+nhefGsZefcgjuCM0u8CcmhCcot+8tvhyQWVALhWOuG50bQTLACRjhNs36saYRJH3dpw1CJBdXNZPRD6hwYpe10QmVKgjNSf08kWGg9EIHpFBh6etobiv95jRg6p82EySgGKsl4USfmDoTOMBCnzRQlwAeGYKKYudUhPawwARNb1oTgTb88S6rFgndUKN4e50oXkzgyaA/tozzy0AkqoWtURhVE0CN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP3Scl2E=</latexit>

120
<latexit sha1_base64="wXRUiEdF3iPgiVM0YMuKpexEuC0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB6/m9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBa4I0v</latexit>

(dim of generic rep:       )

28� 1
<latexit sha1_base64="5RvVj/DNrGXXEIWrwgMjn6GUqYw=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgl0W3bisYB/QhDKZTtqhk0yYmQglZuGvuHGhiFt/w51/47TNQlsPXDhzzr3MvSdIOFPacb6tldW19Y3N0lZ5e2d3b98+OGwrkUpCW0RwIbsBVpSzmLY005x2E0lxFHDaCcY3U7/zQKViIr7Xk4T6ER7GLGQEayP17ePMC0JUq+eeSHiq0Ozp5n274lSdGdAycQtSgQLNvv3lDQRJIxprwrFSPddJtJ9hqRnhNC97qaIJJmM8pD1DYxxR5Wez/XN0ZpQBCoU0FWs0U39PZDhSahIFpjPCeqQWvan4n9dLdVj3MxYnqaYxmX8UphxpgaZhoAGTlGg+MQQTycyuiIywxESbyMomBHfx5GXSrlXdi2rt7rLSuC7iKMEJnMI5uHAFDbiFJrSAwCM8wyu8WU/Wi/VufcxbV6xi5gj+wPr8AcfjlU0=</latexit>

[
<latexit sha1_base64="3XmYJZw73GxIZtC13tEZ7T0ka7Y=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9gPapWTTbBuaZEOSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMyLFGfG+v63t7a+sbm1Xdop7+7tHxxWjo7bJkk1oS2S8ER3I2woZ5K2LLOcdpWmWEScdqLJXe53nqg2LJGPdqpoKPBIspgRbHOpT1I1qFT9mj8HWiVBQapQoDmofPWHCUkFlZZwbEwv8JUNM6wtI5zOyv3UUIXJBI9oz1GJBTVhNr91hs6dMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6yCyFYfnmVtOu14LJWf7iqNm6LOEpwCmdwAQFcQwPuoQktIDCGZ3iFN094L96797FoXfOKmRP4A+/zBx9ljko=</latexit>

Minimal representation realized by the
group action on functions of these 29 variables 



Minimal representation of exceptional groups 

Minimal automorphic forms can be obtained as  
special values of Eisenstein series

[Ginzburg, Rallis, Soudry]

Theorem:

(also [Green, Miller, Vanhove])

E(2s⇤1 � ⇢, g) 2 ⇡min when s = 3/2
<latexit sha1_base64="GqI+cBsKkyC9hZS4bRpoSh908rA="></latexit>



Example: G = E7

Theorem: ⇡min 3 '(g) = 'U +
X

�2StabL( ↵7 )\L(Q)

F ↵7
(�g)

[Ginzburg, Rallis, Soudry]

E7 = 27� (E6 � 1)� 27
<latexit sha1_base64="ftcM9OxPKrIfCjjky6QL2dpz9n0=">AAACH3icbVBLSwMxGMzWV62vVY9egkWol7JbpfUiFKXgsYJ9QHdZsmm2Dc0+SLJCWfafePGvePGgiHjrvzHd7qG2DgQmM/ORfONGjAppGDOtsLG5tb1T3C3t7R8cHunHJ10RxhyTDg5ZyPsuEoTRgHQklYz0I06Q7zLScyf3c7/3TLigYfAkpxGxfTQKqEcxkkpy9HrLadwmluvBWiO1wojFAlZaTh3mPLPM9HL5qpKOXjaqRga4TsyclEGOtqP/WMMQxz4JJGZIiIFpRNJOEJcUM5KWrFiQCOEJGpGBogHyibCTbL8UXihlCL2QqxNImKnLEwnyhZj6rkr6SI7FqjcX//MGsfRu7IQGUSxJgBcPeTGDMoTzsuCQcoIlmyqCMKfqrxCPEUdYqkpLqgRzdeV10q1Vzatq7fG63LzL6yiCM3AOKsAEDdAED6ANOgCDF/AGPsCn9qq9a1/a9yJa0PKZU/AH2uwXvYeg8g==</latexit>

E(2s⇤1 � ⇢, g) = '(g)
<latexit sha1_base64="sFUkLb5L+vglxbYx7NezW3Vo4A0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VoQUtSBd0IRRFcuKhgH9CEMJlMmqGTBzOTQgldu/FX3LhQxK1f4M6/cdpmodUDA4dz7uHOPW7CqJCG8aUVFhaXlleKq6W19Y3NLX17py3ilGPSwjGLeddFgjAakZakkpFuwgkKXUY67uBq4neGhAsaR/dylBA7RP2I+hQjqSRH37+u1IV1qwIecsxjiwfxEexXL6wh4klAK/2qo5eNmjEF/EvMnJRBjqajf1pejNOQRBIzJETPNBJpZ4hLihkZl6xUkAThAeqTnqIRComws+kpY3ioFA/6MVcvknCq/kxkKBRiFLpqMkQyEPPeRPzP66XSP7czGiWpJBGeLfJTBmUMJ71Aj3KCJRspgjCn6q8QB4gjLFV7JVWCOX/yX9Ku18yTWv3utNy4zOsogj1wACrABGegAW5AE7QABg/gCbyAV+1Re9betPfZaEHLM7vgF7SPb07HmME=</latexit>



Example: G = E7

⇡min 3 '(g) = 'U +
X

�2StabL( ↵7 )\L(Q)

F ↵7
(�g)

[Ginzburg, Rallis, Soudry]

E7 = 27� (E6 � 1)� 27
<latexit sha1_base64="ftcM9OxPKrIfCjjky6QL2dpz9n0=">AAACH3icbVBLSwMxGMzWV62vVY9egkWol7JbpfUiFKXgsYJ9QHdZsmm2Dc0+SLJCWfafePGvePGgiHjrvzHd7qG2DgQmM/ORfONGjAppGDOtsLG5tb1T3C3t7R8cHunHJ10RxhyTDg5ZyPsuEoTRgHQklYz0I06Q7zLScyf3c7/3TLigYfAkpxGxfTQKqEcxkkpy9HrLadwmluvBWiO1wojFAlZaTh3mPLPM9HL5qpKOXjaqRga4TsyclEGOtqP/WMMQxz4JJGZIiIFpRNJOEJcUM5KWrFiQCOEJGpGBogHyibCTbL8UXihlCL2QqxNImKnLEwnyhZj6rkr6SI7FqjcX//MGsfRu7IQGUSxJgBcPeTGDMoTzsuCQcoIlmyqCMKfqrxCPEUdYqkpLqgRzdeV10q1Vzatq7fG63LzL6yiCM3AOKsAEDdAED6ANOgCDF/AGPsCn9qq9a1/a9yJa0PKZU/AH2uwXvYeg8g==</latexit>

The complete expansion is given 
in terms of the smallest 

non-trivial character variety orbit

StabL( ↵7)\L ⇠= (SO(5, 5)⇥Q16)\E6(Q)

dim = 17 [Miller, Sahi]

dimension of the
minimal representation!

Theorem: 

E(2s⇤1 � ⇢, g) = '(g)
<latexit sha1_base64="sFUkLb5L+vglxbYx7NezW3Vo4A0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VoQUtSBd0IRRFcuKhgH9CEMJlMmqGTBzOTQgldu/FX3LhQxK1f4M6/cdpmodUDA4dz7uHOPW7CqJCG8aUVFhaXlleKq6W19Y3NLX17py3ilGPSwjGLeddFgjAakZakkpFuwgkKXUY67uBq4neGhAsaR/dylBA7RP2I+hQjqSRH37+u1IV1qwIecsxjiwfxEexXL6wh4klAK/2qo5eNmjEF/EvMnJRBjqajf1pejNOQRBIzJETPNBJpZ4hLihkZl6xUkAThAeqTnqIRComws+kpY3ioFA/6MVcvknCq/kxkKBRiFLpqMkQyEPPeRPzP66XSP7czGiWpJBGeLfJTBmUMJ71Aj3KCJRspgjCn6q8QB4gjLFV7JVWCOX/yX9Ku18yTWv3utNy4zOsogj1wACrABGegAW5AE7QABg/gCbyAV+1Re9betPfZaEHLM7vgF7SPb07HmME=</latexit>



Example: G = E7

⇡min 3 '(g) = 'U +
X

�2StabL( ↵7 )\L(Q)

F ↵7
(�g)

[Ginzburg, Rallis, Soudry]

The complete expansion is given 
in terms of the smallest 

non-trivial character variety orbit

StabL( ↵7)\L ⇠= (SO(5, 5)⇥Q16)\E6(Q)

dim = 17 [Miller, Sahi]

dimension of the
minimal representation!

Theorem: 

E7 = 27� (E6 � 1)� 27
<latexit sha1_base64="ftcM9OxPKrIfCjjky6QL2dpz9n0=">AAACH3icbVBLSwMxGMzWV62vVY9egkWol7JbpfUiFKXgsYJ9QHdZsmm2Dc0+SLJCWfafePGvePGgiHjrvzHd7qG2DgQmM/ORfONGjAppGDOtsLG5tb1T3C3t7R8cHunHJ10RxhyTDg5ZyPsuEoTRgHQklYz0I06Q7zLScyf3c7/3TLigYfAkpxGxfTQKqEcxkkpy9HrLadwmluvBWiO1wojFAlZaTh3mPLPM9HL5qpKOXjaqRga4TsyclEGOtqP/WMMQxz4JJGZIiIFpRNJOEJcUM5KWrFiQCOEJGpGBogHyibCTbL8UXihlCL2QqxNImKnLEwnyhZj6rkr6SI7FqjcX//MGsfRu7IQGUSxJgBcPeTGDMoTzsuCQcoIlmyqCMKfqrxCPEUdYqkpLqgRzdeV10q1Vzatq7fG63LzL6yiCM3AOKsAEDdAED6ANOgCDF/AGPsCn9qq9a1/a9yJa0PKZU/AH2uwXvYeg8g==</latexit>

E(2s⇤1 � ⇢, g) = '(g)
<latexit sha1_base64="sFUkLb5L+vglxbYx7NezW3Vo4A0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VoQUtSBd0IRRFcuKhgH9CEMJlMmqGTBzOTQgldu/FX3LhQxK1f4M6/cdpmodUDA4dz7uHOPW7CqJCG8aUVFhaXlleKq6W19Y3NLX17py3ilGPSwjGLeddFgjAakZakkpFuwgkKXUY67uBq4neGhAsaR/dylBA7RP2I+hQjqSRH37+u1IV1qwIecsxjiwfxEexXL6wh4klAK/2qo5eNmjEF/EvMnJRBjqajf1pejNOQRBIzJETPNBJpZ4hLihkZl6xUkAThAeqTnqIRComws+kpY3ioFA/6MVcvknCq/kxkKBRiFLpqMkQyEPPeRPzP66XSP7czGiWpJBGeLfJTBmUMJ71Aj3KCJRspgjCn6q8QB4gjLFV7JVWCOX/yX9Ku18yTWv3utNy4zOsogj1wACrABGegAW5AE7QABg/gCbyAV+1Re9betPfZaEHLM7vgF7SPb07HmME=</latexit>

Physically, the sum is over 1/2 BPS instanton charges 
in string theory on T^6!



Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]



contribution from           to the abelian term            Omin

Z

Z(F )\Z(A)
⌘(ug)du Z = [UHeis, UHeis]

Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]



contribution from           to the abelian term            Ontm

Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]



contribution from           to the non-abelian term            Omin

Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]



contribution from           to the non-abelian term            Ontm

Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]



Consider              .  Any automorphic form  G = E8 ⌘ 2 ⇡ntm

may then be expanded as follows

Theorem: w/ [Gustafsson, Gourevitch, Kleinschmidt, Sahi]

From this we can in principle extract 1/4 BPS instanton effects 
[In progress with Gustafsson, Gourevitch, Kleinschmidt, Sahi]

See also [Bossard-Pioline]



4.  “Generalised automorphic forms”



work in progress with

Solomon Friedberg Axel Kleinschmidt

Dmitry Gourevitch Guillaume Bossard



Z
d10�nx

p
G
⇥
(↵0)3f0(g)R4 + (↵0)5f4(g)@

4R4 + · · ·
⇤

What happens at higher orders?

@6R4
<latexit sha1_base64="DitVKnRSRNsxEKNEpVZmOUqfgXs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWpRV0W3bisYh/QpGUynbRDJw9mJkIJdeOvuHGhiFv/wp1/46TNQlsPDBzOuffOvceLOZPKsr6NpeWV1bX1wkZxc2t7Z9fc22/KKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tlje6zvzWAxWSReG9GsfUDfAgZD4jWGmpZx46MRaKYd49R06A1ZBgnt5NutWeWbLK1hRokdg5KUGOes/8cvoRSQIaKsKxlB3bipWbZtMJp5Oik0gaYzLCA9rRNMQBlW46vWCCTrTSR34k9AsVmqq/O1IcSDkOPF2ZLSnnvUz8z+skyr90UxbGiaIhmX3kJxypCGVxoD4TlCg+1gQTwfSuiAyxwETp0Io6BHv+5EXSrJTts3LltlqqXeVxFOAIjuEUbLiAGtxAHRpA4BGe4RXejCfjxXg3PmalS0becwB/YHz+ACInlq4=</latexit>

The next term is 

What kind of automorphic object appears here?



What happens at higher orders?

Hasse diagram for E7



What happens at higher orders?

Hasse diagram for E7



There are two maximal orbits 
at the next level! 



1/8 BPS

1/8 BPS
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Guess: “next-to-next-to min rep”
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1/8 BPS

1/8 BPS

What kind of automorphic object appears?

Guess: “next-to-next-to min rep”Wrong



For example,            in D=10 predicts a function            satisfying

[Green, Vanhove][Green, Miller, Vanhove][Fedosova, Klinger-Logan, Radchenko]

@6R4
<latexit sha1_base64="DitVKnRSRNsxEKNEpVZmOUqfgXs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWpRV0W3bisYh/QpGUynbRDJw9mJkIJdeOvuHGhiFv/wp1/46TNQlsPDBzOuffOvceLOZPKsr6NpeWV1bX1wkZxc2t7Z9fc22/KKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tlje6zvzWAxWSReG9GsfUDfAgZD4jWGmpZx46MRaKYd49R06A1ZBgnt5NutWeWbLK1hRokdg5KUGOes/8cvoRSQIaKsKxlB3bipWbZtMJp5Oik0gaYzLCA9rRNMQBlW46vWCCTrTSR34k9AsVmqq/O1IcSDkOPF2ZLSnnvUz8z+skyr90UxbGiaIhmX3kJxypCGVxoD4TlCg+1gQTwfSuiAyxwETp0Io6BHv+5EXSrJTts3LltlqqXeVxFOAIjuEUbLiAGtxAHRpA4BGe4RXejCfjxXg3PmalS0becwB/YHz+ACInlq4=</latexit>

F(⌧)
<latexit sha1_base64="hgntps0C1dQklRJm87BGKpPO+vQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmqoMuiIC4r2Ac0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tlZW19Y3Ngtbxe2d3b19u3TQUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywvs789gOVikXiXk9i6od4KNiAEayN1LNLXoj1iGCe3kwrnsbJac8uO1VnBrRM3JyUIUejZ395/YgkIRWacKxU13Vi7adYakY4nRa9RNEYkzEe0q6hAodU+eks+hSdGKWPBpE0T2g0U39vpDhUahIGZjILqha9TPzP6yZ6cOmnTMSJpoLMDw0SjnSEsh5Qn0lKNJ8YgolkJisiIywx0aatoinBXfzyMmnVqu5ZtXZ3Xq5f5XUU4AiOoQIuXEAdbqEBTSDwCM/wCm/Wk/VivVsf89EVK985hD+wPn8A6TGTxA==</latexit>



For example,            in D=10 predicts a function            satisfying

[Green, Vanhove][Green, Miller, Vanhove][Fedosova, Klinger-Logan, Radchenko]

@6R4
<latexit sha1_base64="DitVKnRSRNsxEKNEpVZmOUqfgXs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyWpRV0W3bisYh/QpGUynbRDJw9mJkIJdeOvuHGhiFv/wp1/46TNQlsPDBzOuffOvceLOZPKsr6NpeWV1bX1wkZxc2t7Z9fc22/KKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tlje6zvzWAxWSReG9GsfUDfAgZD4jWGmpZx46MRaKYd49R06A1ZBgnt5NutWeWbLK1hRokdg5KUGOes/8cvoRSQIaKsKxlB3bipWbZtMJp5Oik0gaYzLCA9rRNMQBlW46vWCCTrTSR34k9AsVmqq/O1IcSDkOPF2ZLSnnvUz8z+skyr90UxbGiaIhmX3kJxypCGVxoD4TlCg+1gQTwfSuiAyxwETp0Io6BHv+5EXSrJTts3LltlqqXeVxFOAIjuEUbLiAGtxAHRpA4BGe4RXejCfjxXg3PmalS0becwB/YHz+ACInlq4=</latexit>

These are not eigenfunctions of the Laplace operators, 
but satisfy Poisson-type equations.

Z
<latexit sha1_base64="XKDF1+Sfe5CPVfHgBrmxWOEiuww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPl5mRdA==</latexit>

(Violates        -finiteness)

The equation can be solved using Poincaré series, Fourier expansion or 
spectral methods

[Green, Miller, Vanhove][Ahlén, Kleinschmidt][Dorigoni, Kleinschmidt][Klinger-Logan]
[Dorigoni, Green, Wen]…

F(⌧)
<latexit sha1_base64="hgntps0C1dQklRJm87BGKpPO+vQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmqoMuiIC4r2Ac0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tlZW19Y3Ngtbxe2d3b19u3TQUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywvs789gOVikXiXk9i6od4KNiAEayN1LNLXoj1iGCe3kwrnsbJac8uO1VnBrRM3JyUIUejZ395/YgkIRWacKxU13Vi7adYakY4nRa9RNEYkzEe0q6hAodU+eks+hSdGKWPBpE0T2g0U39vpDhUahIGZjILqha9TPzP6yZ6cOmnTMSJpoLMDw0SjnSEsh5Qn0lKNJ8YgolkJisiIywx0aatoinBXfzyMmnVqu5ZtXZ3Xq5f5XUU4AiOoQIuXEAdbqEBTSDwCM/wCm/Wk/VivVsf89EVK985hD+wPn8A6TGTxA==</latexit>



More generally the equation is of the form

(�G/K � �)fn2tm = �f2
min

<latexit sha1_base64="1IQmUUlfeK8aSwPoBb8grkGx32U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSKo0JpUQTdCUUHBTQWrQlPDZDqpgzOTMHMjlJB/cOOvuHGhiFs37vwbp20Wvg4MHM65hzv3BDFnGhzn0yqMjU9MThWnSzOzc/ML5cWlCx0litAWiXikrgKsKWeStoABp1exolgEnF4Gt4cD//KOKs0ieQ79mHYE7kkWMoLBSH55c907ohywnx5vnWZVj5toF2+Efiqv6yCy/aqhgsnsuu6XK07NGcL+S9ycVFCOpl/+8LoRSQSVQDjWuu06MXRSrIARTrOSl2gaY3KLe7RtqMSC6k46vCmz14zStcNImSfBHqrfEykWWvdFYCYFhhv92xuI/3ntBMK9TspknACVZLQoTLgNkT0oyO4yRQnwviGYKGb+apMbrDABU2PJlOD+PvkvuajX3O1a/Wyn0jjI6yiiFbSK1pGLdlEDnaAmaiGC7tEjekYv1oP1ZL1ab6PRgpVnltEPWO9f0iadgw==</latexit>



More generally the equation is of the form

(�G/K � �)fn2tm = �f2
min

<latexit sha1_base64="1IQmUUlfeK8aSwPoBb8grkGx32U=">AAACE3icbVDLSsNAFJ3UV62vqks3wSKo0JpUQTdCUUHBTQWrQlPDZDqpgzOTMHMjlJB/cOOvuHGhiFs37vwbp20Wvg4MHM65hzv3BDFnGhzn0yqMjU9MThWnSzOzc/ML5cWlCx0litAWiXikrgKsKWeStoABp1exolgEnF4Gt4cD//KOKs0ieQ79mHYE7kkWMoLBSH55c907ohywnx5vnWZVj5toF2+Efiqv6yCy/aqhgsnsuu6XK07NGcL+S9ycVFCOpl/+8LoRSQSVQDjWuu06MXRSrIARTrOSl2gaY3KLe7RtqMSC6k46vCmz14zStcNImSfBHqrfEykWWvdFYCYFhhv92xuI/3ntBMK9TspknACVZLQoTLgNkT0oyO4yRQnwviGYKGb+apMbrDABU2PJlOD+PvkvuajX3O1a/Wyn0jjI6yiiFbSK1pGLdlEDnaAmaiGC7tEjekYv1oP1ZL1ab6PRgpVnltEPWO9f0iadgw==</latexit>

Explicit solution proposed for D=6  

SO(5, 5;Z)
<latexit sha1_base64="JkWZceXYDMjmaGek3GAL2L2DTZM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUpSLQpuim7cWdE+sA1lMp20QyeTMDMRS8ivuHGhiFt/xJ1/46TNQlsPDBzOuZd75rgho1JZ1reRW1peWV3Lrxc2Nre2d8zdYksGkcCkiQMWiI6LJGGUk6aiipFOKAjyXUba7vgq9duPREga8Hs1CYnjoyGnHsVIaalvFu9uyrXj2kXPR2rkuvFDctQ3S1bFmgIuEjsjJZCh0Te/eoMARz7hCjMkZde2QuXESCiKGUkKvUiSEOExGpKuphz5RDrxNHsCD7UygF4g9OMKTtXfGzHypZz4rp5MI8p5LxX/87qR8s6dmPIwUoTj2SEvYlAFMC0CDqggWLGJJggLqrNCPEICYaXrKugS7PkvL5JWtWKfVKq3p6X6ZVZHHuyDA1AGNjgDdXANGqAJMHgCz+AVvBmJ8WK8Gx+z0ZyR7eyBPzA+fwAzOJND</latexit>

-invariant

Solves the differential equation

[Pioline][Bossard, Kleinschmidt][Bossard, Kleinschmid, Pioline]

Fourier expansion partially known

fn2tm =
<latexit sha1_base64="KdGTlUaDFP+mvZuvcq87J/NaaUI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOaBSQyzk9lkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90c3Ubz5xbUSk7nEc825IB0oEglG00kPQS9VjBcPJVa9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nF0/IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjspkLFCXLF5ouCRBKMyPR90heaM5RjSyjTwt5K2JBqytCGVLAheIsvL5NGpeydlSt356XqdRZHHo7gGE7Bgwuowi3UoA4MFDzDK7w5xnlx3p2PeWvOyWYO4Q+czx9lEJC7</latexit>



What kind of object are we dealing with?

fn2tm
<latexit sha1_base64="CHs5Uu8Nng/tLUDAu24MYsVaFa4=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkgby2a7aZfubsLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLE8ENet63s7K6tr6xWdgqbu/s7u2XDg6bJk41ZQ0ai1i3Q2KY4Io1kKNg7UQzIkPBWuHoZuq3npg2PFb3OE5YIMlA8YhTglZ6iHqZeqyinPRKZa/izeAuEz8nZchR75W+uv2YppIppIIY0/G9BIOMaORUsEmxmxqWEDoiA9axVBHJTJDNDp64p1bpu1GsbSl0Z+rviYxIY8YytJ2S4NAselPxP6+TYnQVZFwlKTJF54uiVLgYu9Pv3T7XjKIYW0Ko5vZWlw6JJhRtRkUbgr/48jJpViv+eaV6d1GuXedxFOAYTuAMfLiEGtxCHRpAQcIzvMKbo50X5935mLeuOPnMEfyB8/kD3/2QdA==</latexit>

We don’t know the p-adic story yet, but we may be 
able to say something about the Archimedean setting

Recall: Automorphic representation is given by 

(g,K)
<latexit sha1_base64="/3xvzgjHSAvVkC3lZ4jIC+H3CwY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzVdBl0Y3gpoJ9QFtKJs20oZnMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OV7EmdKO823lVlbX1jfym4Wt7Z3dPbu431RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN75O/dYDlYqF4l5PItoL8FAwnxGsjdS3i+VugPXIl3icDKen6Pakb5ecijMDWiZuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHA6LXRjRSNMxnhIO4YKHFDVS2bRp+jYKAPkh9I8odFM/b2R4ECpSeCZyTSnWvRS8T+vE2v/spcwEcWaCjI/5Mcc6RClPaABk5RoPjEEE8lMVkRGWGKiTVsFU4K7+OVl0qxW3LNK9e68VLvK6sjDIRxBGVy4gBrcQB0aQOARnuEV3qwn68V6tz7mozkr2zmAP7A+fwAtTJNK</latexit>

-module at Archimedean place

G(Qp)
<latexit sha1_base64="TM6miLyGlqP5WcMHjMbPlj2maCc=">AAAB+HicbVBNT8JAFHzFL8QPqh69bCQmeCEtmuiR6EGPkAiSQNNslwU2bLfN7tYEG36JFw8a49Wf4s1/4xZ6UHCSTSYz7+XNThBzprTjfFuFtfWNza3idmlnd2+/bB8cdlSUSELbJOKR7AZYUc4EbWumOe3GkuIw4PQhmNxk/sMjlYpF4l5PY+qFeCTYkBGsjeTb5dtqP8R6HARpa+bHZ75dcWrOHGiVuDmpQI6mb3/1BxFJQio04VipnuvE2kux1IxwOiv1E0VjTCZ4RHuGChxS5aXz4DN0apQBGkbSPKHRXP29keJQqWkYmMkspFr2MvE/r5fo4ZWXMhEnmgqyODRMONIRylpAAyYp0XxqCCaSmayIjLHERJuuSqYEd/nLq6RTr7nntXrrotK4zusowjGcQBVcuIQG3EET2kAggWd4hTfryXqx3q2PxWjByneO4A+szx8haJK/</latexit>

-representation at finite places



Focus on Archimedean setting.  G(R)
<latexit sha1_base64="maOymyRQcOwptwAVRkzqq8V7Qs0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE10SXegSjTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Svz2hUrFQPOppRN0ADwXzGcHaSO5tuRdgPfK85GF23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqd5flOrXWR15OIFTKIMDl1CHO2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcdM5Gs</latexit>

-action given by

This extends to          and gives a          -module in the standard case.   U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

(g,K)
<latexit sha1_base64="/3xvzgjHSAvVkC3lZ4jIC+H3CwY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzVdBl0Y3gpoJ9QFtKJs20oZnMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OV7EmdKO823lVlbX1jfym4Wt7Z3dPbu431RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN75O/dYDlYqF4l5PItoL8FAwnxGsjdS3i+VugPXIl3icDKen6Pakb5ecijMDWiZuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHA6LXRjRSNMxnhIO4YKHFDVS2bRp+jYKAPkh9I8odFM/b2R4ECpSeCZyTSnWvRS8T+vE2v/spcwEcWaCjI/5Mcc6RClPaABk5RoPjEEE8lMVkRGWGKiTVsFU4K7+OVl0qxW3LNK9e68VLvK6sjDIRxBGVy4gBrcQB0aQOARnuEV3qwn68V6tz7mozkr2zmAP7A+fwAtTJNK</latexit>



Focus on Archimedean setting.  G(R)
<latexit sha1_base64="maOymyRQcOwptwAVRkzqq8V7Qs0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE10SXegSjTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Svz2hUrFQPOppRN0ADwXzGcHaSO5tuRdgPfK85GF23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqd5flOrXWR15OIFTKIMDl1CHO2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcdM5Gs</latexit>

-action given by

This extends to          and gives a          -module in the standard case.   U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

(g,K)
<latexit sha1_base64="/3xvzgjHSAvVkC3lZ4jIC+H3CwY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzVdBl0Y3gpoJ9QFtKJs20oZnMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OV7EmdKO823lVlbX1jfym4Wt7Z3dPbu431RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN75O/dYDlYqF4l5PItoL8FAwnxGsjdS3i+VugPXIl3icDKen6Pakb5ecijMDWiZuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHA6LXRjRSNMxnhIO4YKHFDVS2bRp+jYKAPkh9I8odFM/b2R4ECpSeCZyTSnWvRS8T+vE2v/spcwEcWaCjI/5Mcc6RClPaABk5RoPjEEE8lMVkRGWGKiTVsFU4K7+OVl0qxW3LNK9e68VLvK6sjDIRxBGVy4gBrcQB0aQOARnuEV3qwn68V6tz7mozkr2zmAP7A+fwAtTJNK</latexit>

When        -finiteness fails, still get a           -module! Z
<latexit sha1_base64="XKDF1+Sfe5CPVfHgBrmxWOEiuww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPl5mRdA==</latexit>

U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

(g,K)
<latexit sha1_base64="/3xvzgjHSAvVkC3lZ4jIC+H3CwY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzVdBl0Y3gpoJ9QFtKJs20oZnMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OV7EmdKO823lVlbX1jfym4Wt7Z3dPbu431RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN75O/dYDlYqF4l5PItoL8FAwnxGsjdS3i+VugPXIl3icDKen6Pakb5ecijMDWiZuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHA6LXRjRSNMxnhIO4YKHFDVS2bRp+jYKAPkh9I8odFM/b2R4ECpSeCZyTSnWvRS8T+vE2v/spcwEcWaCjI/5Mcc6RClPaABk5RoPjEEE8lMVkRGWGKiTVsFU4K7+OVl0qxW3LNK9e68VLvK6sjDIRxBGVy4gBrcQB0aQOARnuEV3qwn68V6tz7mozkr2zmAP7A+fwAtTJNK</latexit>

(But not a             -module) 

But what kind of module is this?



Conjecture: The Fourier coefficients are of the form     

Z

U(Z)\U(R)
fn2tm(ug) (u)du = c (fn2tm)Bhom, (g) +Bmin2

 (g)
<latexit sha1_base64="jEkNnW73o7bWBGZFebplzREnK10=">AAACbnicbVFbixMxFM7Meqn11l3BBxcxWIQZlDLTXdAXodQXH1exu4ud7pBJM9OwuQy5CCXk0T/om7/BF3+CmbZ42fVA4Mv3nZNzzpeqZVSbLPsexXs3bt663bvTv3vv/oOHg/2DUy2twmSGJZPqvEKaMCrIzFDDyHmrCOIVI2fV5btOP/tClKZSfDLrliw4agStKUYmUOXga0GFKd0sKTgyq6pyn31aVAhfaob0Cv7hP/rUw7 p04mJsuE9skxYyPNz1dUWraWJTv7TwLcTl5vo7NYXT0q0kfwU73idN+nJ64TgNqt+mNmk5GGajbBPwOsh3YAh2cVIOvhVLiS0nwuAwqJ7nWWsWDilDMSO+X1hN2rAFasg8QIE40Qu3scvDF4FZwlqqcISBG/bvCoe41mtehcxueX1V68j/aXNr6jcLR0VrDRF426i2DBoJO+/hkiqCDVsHgLCiYVaIV0ghbMIP9YMJ+dWVr4PT8Sg/Go0/HA8n050dPXAInoME5OA1mID34ATMAAY/ov3oSXQY/Ywfx0/jZ9vUONrVPAL/RJz8AiUeu0U=</latexit>

All this is work in progress with Bossard, Friedberg, 
Gourevitch and Kleinschmidt.

To be continued…

U
<latexit sha1_base64="PEhrdXtU5tToVGh4QPZ07hn1c/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+SVq3qXVRrzctK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8fsnuM3Q==</latexit>

Heisenberg exponentially suppressed

Physics predicts that                       blows up exponentially 

due to black holes



Thank you!


