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2.  Automorphic forms
and representations



An automorphic form is a smooth function                       satisfying 

Definition:
' : G �! C

1. Automorphy: 8� 2 G(Z), '(�g) = '(g)

2. ' is an eigenfunction of the ring of inv. di↵. operators on G

3. ' has well-behaved growth conditions

Data:

real simple Lie group SL(n,R)(e.g.                  )

G(Z) ⇢ G SL(n,Z)(e.g.                  )

G(R)

arithmetic subgroup

4.K-finiteness
<latexit sha1_base64="DYMLMTuC6EVH0ayg6T/vpwBpe2w=">AAACBHicbVC7SgNBFJ31GeMraplmMAgWGnajoKVoI9hEMBrILmF2ctcMmZ1dZu6KYUlh46/YWChi60fY+TdOHoUaDwwczrmXO+eEqRQGXffLmZmdm19YLCwVl1dW19ZLG5vXJsk0hwZPZKKbITMghYIGCpTQTDWwOJRwE/bOhv7NHWgjEnWF/RSCmN0qEQnO0ErtUvmwSv09euEj3KOO8/1IKIGgwJhBu1Rxq+4IdJp4E1IhE9 TbpU+/k/AsBoVcMmNanptikDONgksYFP3MQMp4j91Cy1LFYjBBPgoxoDtW6dAo0fYppCP150bOYmP6cWgnY4Zd89cbiv95rQyj4yAXKs1sLj4+FGWSYkKHjdCO0MBR9i1hXAv7V8q7TDOOtreiLcH7G3maXNeq3kG1dnlYOTmd1FEgZbJNdolHjsgJOSd10iCcPJAn8kJenUfn2Xlz3sejM85kZ4v8gvPxDb+Xl48=</latexit>

(Z-finiteness)
<latexit sha1_base64="SuGNdVh7z9BllDsfaV0VuI+Sc0c=">AAACCnicbVC7SgNBFJ31GeNr1dJmNQixMOxGQcugjWUE88AkhNnJ3WTI7Owyc1cMS2obf8XGQhFbv8DOv3HyKDTxwMDhnHuZe44fC67Rdb+thcWl5ZXVzFp2fWNza9ve2a3qKFEMKiwSkar7VIPgEirIUUA9VkBDX0DN71+N/No9KM0jeYuDGFoh7UoecEbRSG37IN8MKfYYFendsInwgCpMTwIuOYIErYfHbTvnFtwxnHniTUmOTFFu21/NTsSSECQyQbVueG6MrZQq5EzAMNtMNMSU9WkXGoZKGoJupeMoQ+fIKB0niJR5Ep2x+nsjpaHWg9A3k6O79aw3Ev/zGgkGF62UyzgxwdjkoyARDkbOqBenwxUwFANDKFPc3OqwHlWUoWkva0rwZiPPk2qx4J0WijdnudLltI4M2SeHJE88ck5K5JqUSYUw8kieySt5s56sF+vd+piMLljTnT3yB9bnDyRHmy8=</latexit>



Consider the sum:
non-holomorphic 
Eisenstein series

a function on

invariant under ⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d

s 2 C

� =
✓

a b
c d

◆
2 SL(2, Z)

Non-holomorphic Eisenstein series

Es(⌧) =
X

(c,d)=1

ys

|c⌧ + d|2s

H = {⌧ = x+ iy 2 C | y > 0} ⇠= SL(2,R)/SO(2)
<latexit sha1_base64="CEx0EDQOfToqWFNAJ6DwjesGr2M=">AAACBXicbVDLSgMxFM3UV62vqktdBIvQgtSZUdBl0Y0LwWrtA9qhZNJMG5pJhiQjlKEbN/6KGxeKuPUf3Pk3po+Fth64cDjnXu69x48YVdq2v63UwuLS8kp6NbO2vrG5ld3eqSkRS0yqWDAhGz5ShFFOqppqRhqRJCj0Gan7/cuRX38gUlHB7/UgIl6IupwGFCNtpHZ2v4UF78LKdd49aoVI93w/uRsWjis3ebfQzubsoj0GnCfOlOTAFOV29qvVETgOCdeYIaWajh1pL0FSU8zIMNOKFYkQ7qMuaRrKUUiUl4y/GMJDo3RgIKQpruFY/T2RoFCpQeibztGhatYbif95zVgH515CeRRrwvFkURAzqAUcRQI7VBKs2cAQhCU1t0LcQxJhbYLLmBCc2ZfnSc0tOidF9/Y0V7qYxpEGe+AA5IEDzkAJXIEyqAIMHsEzeAVv1pP1Yr1bH5PWlDWd2QV/YH3+AHnllqA=</latexit>



converges absolutely for <s > 1

�HEs = s(s� 1)Es

Consider the sum:
non-holomorphic 
Eisenstein series

a function on

invariant under ⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d

s 2 C

H = {⌧ = x+ iy 2 C | y > 0}

Es(⌧) =
X

(c,d)=1

ys

|c⌧ + d|2s

Non-holomorphic Eisenstein series

Can be lifted to a 
function on

SL(2,R)
<latexit sha1_base64="XvG+OYCUzfgaJ2y+zn54z6SRarA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZKuiy6MaFi/roA9qhZNK0Dc1khiRTKEP/xI0LRdz6J+78GzPtLLT1QOBwzr3ck+NHnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9Ec3qd8cU6lYKJ70JKJegAeC9RnB2khd2368K1XOOgHWQ99PHqanXbvolJ0Z0DJxM1KEDLWu/dXphSQOqNCEY6XarhNpL8FSM8LptNCJFY0wGeEBbRsqcECVl8yST9GJUXqoH0rzhEYz9fdGggOlJoFvJtOIatFLxf+8dqz7V17CRBRrKsj8UD/mSIcorQH1mKRE84khmEhmsiIyxBITbcoqmBLcxS8vk0al7J6XK/cXxep1VkcejuAYSuDCJVThFmpQBwJjeIZXeLMS68V6tz7mozkr2zmEP7A+fwAiNJKx</latexit>

⇠= SL(2,R)/SO(2)
<latexit sha1_base64="CEx0EDQOfToqWFNAJ6DwjesGr2M=">AAACBXicbVDLSgMxFM3UV62vqktdBIvQgtSZUdBl0Y0LwWrtA9qhZNJMG5pJhiQjlKEbN/6KGxeKuPUf3Pk3po+Fth64cDjnXu69x48YVdq2v63UwuLS8kp6NbO2vrG5ld3eqSkRS0yqWDAhGz5ShFFOqppqRhqRJCj0Gan7/cuRX38gUlHB7/UgIl6IupwGFCNtpHZ2v4UF78LKdd49aoVI93w/uRsWjis3ebfQzubsoj0GnCfOlOTAFOV29qvVETgOCdeYIaWajh1pL0FSU8zIMNOKFYkQ7qMuaRrKUUiUl4y/GMJDo3RgIKQpruFY/T2RoFCpQeibztGhatYbif95zVgH515CeRRrwvFkURAzqAUcRQI7VBKs2cAQhCU1t0LcQxJhbYLLmBCc2ZfnSc0tOidF9/Y0V7qYxpEGe+AA5IEDzkAJXIEyqAIMHsEzeAVv1pP1Yr1bH5PWlDWd2QV/YH3+AHnllqA=</latexit>



Consider the sum:
non-holomorphic 
Eisenstein series

s 2 C
Es(⌧) =

X

(c,d)=1

ys

|c⌧ + d|2s

Non-holomorphic Eisenstein series

[h, e] = 2e, [h, f ] = �2f, [e, f ] = h
<latexit sha1_base64="WRhbi0LebuTzaSMH7kW8JYrHKdQ=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCF7XMjIJuCkU3LivYC7RDyWTOtKGZi0lGKKWv4MZXceNCEbfu3Pk2Ztoi2vpD4M93ziE5v5dwJpVlfRlLyyura+u5jfzm1vbOrrm335BxKijUacxj0fKIBM4iqCumOLQSAST0ODS9wVVWb96DkCyObtUwATckvYgFjBKlUdcstvslcCsOlHDnLiU+1vfArZw4wQ+ADPS7ZsEqWxPhRWPPTAHNVOuanx0/pmkIkaKcSNm2rUS5IyIUoxzG+U4qISF0QHrQ1jYiIUh3NNlojI818XEQC30ihSf098SIhFIOQ093hkT15Xwtg//V2qkKLtwRi5JUQUSnDwUpxyrGWTzYZwKo4kNtCBVM/xXTPhGEKh1iXodgz6+8aBpO2T4tOzdnherlLI4cOkRHqIhsdI6q6BrVUB1R9ICe0At6NR6NZ+PNeJ+2LhmzmQP0R8bHNyFnmrI=</latexit>

Lie algebra

sl(2,R)
<latexit sha1_base64="o+wLtmXQmY4illklNe0kUDyHrko=">AAACBHicbVDLSsNAFL2pr1pfUZfdBItQQUpSBV0W3bisYh/QhjKZTtqhk0mYmQgldOHGX3HjQhG3foQ7/8ZJmoW2Hhg4c8693HuPFzEqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMebXKd+54EISUN+r6YRcQM04tSnGCktDcxyP0Bq7As0SSSbVeun2d/zkrvZycCs2DU7g7VMnJxUIEdzYH71hyGOA8IVZkjKnmNHyk2QUBQzMiv1Y0kihCdoRHqachQQ6SbZETPrWCtDyw+FflxZmfq7I0GBlNPA05XpinLRS8X/vF6s/Es3oTyKFeF4PsiPmaVCK03EGlJBsGJTTRAWVO9q4TESCCudW0mH4CyevEza9ZpzVqvfnlcaV3kcRSjDEVTBgQtowA00oQUYHuEZXuHNeDJejHfjY15aMPKeQ/gD4/MHhgyYAQ==</latexit>

Basis of 

U(sl(2,R))
<latexit sha1_base64="J7N83DJ1A1VrszB5MGZofWHNsPo=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBV0W3bisYtpCG8pkOmmHTiZhZiKUkF9w46+4caGIW3fu/BsnaRbaemDgzDn3cu89XsSoVJb1bZRWVtfWN8qbla3tnd09c/+gI8NYYOLgkIWi5yFJGOXEUVQx0osEQYHHSNebXmd+94EISUN+r2YRcQM05tSnGCktDc3aIEBqghFLnHTOfYGmiWRprXma/z0vuUvr9aFZtRpWDrhM7IJUQYH20PwajEIcB4QrzJCUfduKlJsgoShmJK0MYkkihKdoTPqachQQ6Sb5RSk80coI+qHQjyuYq787EhRIOQs8XZntKBe9TPzP68fKv3QTyqNYEY7ng/yYQRXCLB44ooJgxWaaICyo3hXiCRIIKx1iRYdgL568TDrNhn3WaN6eV1tXRRxlcASOQQ3Y4AK0wA1oAwdg8AiewSt4M56MF+Pd+JiXloyi5xD8gfH5A2PnnVc=</latexit>

{f ihjek | i, j, k � 0}
<latexit sha1_base64="w7q2DlbG4xJ715MzO4bSrIngIGY=">AAACCXicbVC7SgNBFJ31GeMramkzGASLEHajoGXQxjKCeUB2E2Ynd5NJZh/OzAph3dbGX7GxUMTWP7Dzb5wkW2jigQuHc+7l3nvciDOpTPPbWFpeWV1bz23kN7e2d3YLe/sNGcaCQp2GPBQtl0jgLIC6YopDKxJAfJdD0x1dTfzmPQjJwuBWjSNwfNIPmMcoUVrqFrCdeJ2EpYPOEDoju4QfdLHSsDSy+3Bn2mm3UDTL5hR4kVgZKaIMtW7hy+6FNPYhUJQTKduWGSknIUIxyiHN27GEiNAR6UNb04D4IJ1k+kmKj7XSw14odAUKT9XfEwnxpRz7ru70iRrIeW8i/ue1Y+VdOAkLolhBQGeLvJhjFeJJLLjHBFDFx5oQKpi+FdMBEYQqHV5eh2DNv7xIGpWydVqu3JwVq5dZHDl0iI7QCbLQOaqia1RDdUTRI3pGr+jNeDJejHfjY9a6ZGQzB+gPjM8fGhKZTQ==</latexit>

Centre

Z
<latexit sha1_base64="XKDF1+Sfe5CPVfHgBrmxWOEiuww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4 va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPl5mRdA==</latexit>

⌦ = h2 + 2ef + 2fe
<latexit sha1_base64="tZyqPp/66Ng0vkqSoC5x+0IhnA4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRZBKJQkCnoRil68WcF+QFvLZjtpl+5uwu5GLKF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAtiRpV23W8rt7K6tr6R3yxsbe/s7tn7xYaKEkmgTiIWyVaAFTAqoK6pZtCKJWAeMGgGo+up33wEqWgk7vU4hi7HA0FDSrA2Us8udm45DPDl8MEv+xCW/RB6dsmtuDM4y8TLSAllqPXsr04/IgkHoQnDSrU9N9bdFEtNCYNJoZMoiDEZ4QG0DRWYg+qms9snzrFR+k4YSVNCOzP190SKuVJjHphOjvVQLXpT8T+vnejwoptSEScaBJkvChPm6MiZBuH0qQSi2dgQTCQ1tzpkiCUm2sRVMCF4iy8vk4Zf8U4r/t1ZqXqVxZFHh+gInSAPnaMqukE1VEcEPaFn9IrerIn1Yr1bH/PWnJXNHKA/sD5/ABhHky0=</latexit>

Generated by the Casimir Z = R[⌦]
<latexit sha1_base64="GhIVxUOvb+ayJwHUV2Oe4zmW9Yg=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCpJFXQjFN24s4q9YBLKZDpph04mYWYilJCdG1/FjQtF3PoK7nwbJ2kX2vrDwMd/zmHO+f2YUaks69soLSwuLa+UVytr6xubW+b2TltGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/ugyr3ceiJA04ndqHBMvRANOA4qR0lbP3HdDpIYYsfQ+Oy/Y99PbzHGvQzJAXs+sWjWrEJwHewpVMFWzZ365/QgnIeEKMySlY1ux8lIkFMWMZBU3kSRGeIQGxNHIUUiklxZ3ZPBQO30YREI/rmDh/p5IUSjlOPR1Z76pnK3l5n81J1HBmZdSHieKcDz5KEgYVBHMQ4F9KghWbKwBYUH1rhAPkUBY6egqOgR79uR5aNdr9nGtfnNSbVxM4yiDPXAAjoANTkEDXIEmaAEMHsEzeAVvxpPxYrwbH5PWkjGd2QV/ZHz+AHs7mbE=</latexit>

polynomial ring

universal 
enveloping algebra



Consider the sum:
non-holomorphic 
Eisenstein series

s 2 C
Es(⌧) =

X

(c,d)=1

ys

|c⌧ + d|2s

Non-holomorphic Eisenstein series

[h, e] = 2e, [h, f ] = �2f, [e, f ] = h
<latexit sha1_base64="WRhbi0LebuTzaSMH7kW8JYrHKdQ=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCF7XMjIJuCkU3LivYC7RDyWTOtKGZi0lGKKWv4MZXceNCEbfu3Pk2Ztoi2vpD4M93ziE5v5dwJpVlfRlLyyura+u5jfzm1vbOrrm335BxKijUacxj0fKIBM4iqCumOLQSAST0ODS9wVVWb96DkCyObtUwATckvYgFjBKlUdcstvslcCsOlHDnLiU+1vfArZw4wQ+ADPS7ZsEqWxPhRWPPTAHNVOuanx0/pmkIkaKcSNm2rUS5IyIUoxzG+U4qISF0QHrQ1jYiIUh3NNlojI818XEQC30ihSf098SIhFIOQ093hkT15Xwtg//V2qkKLtwRi5JUQUSnDwUpxyrGWTzYZwKo4kNtCBVM/xXTPhGEKh1iXodgz6+8aBpO2T4tOzdnherlLI4cOkRHqIhsdI6q6BrVUB1R9ICe0At6NR6NZ+PNeJ+2LhmzmQP0R8bHNyFnmrI=</latexit>

Lie algebra

sl(2,R)
<latexit sha1_base64="o+wLtmXQmY4illklNe0kUDyHrko=">AAACBHicbVDLSsNAFL2pr1pfUZfdBItQQUpSBV0W3bisYh/QhjKZTtqhk0mYmQgldOHGX3HjQhG3foQ7/8ZJmoW2Hhg4c8693HuPFzEqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMebXKd+54EISUN+r6YRcQM04tSnGCktDcxyP0Bq7As0SSSbVeun2d/zkrvZycCs2DU7g7VMnJxUIEdzYH71hyGOA8IVZkjKnmNHyk2QUBQzMiv1Y0kihCdoRHqachQQ6SbZETPrWCtDyw+FflxZmfq7I0GBlNPA05XpinLRS8X/vF6s/Es3oTyKFeF4PsiPmaVCK03EGlJBsGJTTRAWVO9q4TESCCudW0mH4CyevEza9ZpzVqvfnlcaV3kcRSjDEVTBgQtowA00oQUYHuEZXuHNeDJejHfjY15aMPKeQ/gD4/MHhgyYAQ==</latexit>

Basis of 

U(sl(2,R))
<latexit sha1_base64="J7N83DJ1A1VrszB5MGZofWHNsPo=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBV0W3bisYtpCG8pkOmmHTiZhZiKUkF9w46+4caGIW3fu/BsnaRbaemDgzDn3cu89XsSoVJb1bZRWVtfWN8qbla3tnd09c/+gI8NYYOLgkIWi5yFJGOXEUVQx0osEQYHHSNebXmd+94EISUN+r2YRcQM05tSnGCktDc3aIEBqghFLnHTOfYGmiWRprXma/z0vuUvr9aFZtRpWDrhM7IJUQYH20PwajEIcB4QrzJCUfduKlJsgoShmJK0MYkkihKdoTPqachQQ6Sb5RSk80coI+qHQjyuYq787EhRIOQs8XZntKBe9TPzP68fKv3QTyqNYEY7ng/yYQRXCLB44ooJgxWaaICyo3hXiCRIIKx1iRYdgL568TDrNhn3WaN6eV1tXRRxlcASOQQ3Y4AK0wA1oAwdg8AiewSt4M56MF+Pd+JiXloyi5xD8gfH5A2PnnVc=</latexit>

{f ihjek | i, j, k � 0}
<latexit sha1_base64="w7q2DlbG4xJ715MzO4bSrIngIGY=">AAACCXicbVC7SgNBFJ31GeMramkzGASLEHajoGXQxjKCeUB2E2Ynd5NJZh/OzAph3dbGX7GxUMTWP7Dzb5wkW2jigQuHc+7l3nvciDOpTPPbWFpeWV1bz23kN7e2d3YLe/sNGcaCQp2GPBQtl0jgLIC6YopDKxJAfJdD0x1dTfzmPQjJwuBWjSNwfNIPmMcoUVrqFrCdeJ2EpYPOEDoju4QfdLHSsDSy+3Bn2mm3UDTL5hR4kVgZKaIMtW7hy+6FNPYhUJQTKduWGSknIUIxyiHN27GEiNAR6UNb04D4IJ1k+kmKj7XSw14odAUKT9XfEwnxpRz7ru70iRrIeW8i/ue1Y+VdOAkLolhBQGeLvJhjFeJJLLjHBFDFx5oQKpi+FdMBEYQqHV5eh2DNv7xIGpWydVqu3JwVq5dZHDl0iI7QCbLQOaqia1RDdUTRI3pGr+jNeDJejHfjY9a6ZGQzB+gPjM8fGhKZTQ==</latexit>

Centre

Z
<latexit sha1_base64="XKDF1+Sfe5CPVfHgBrmxWOEiuww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4 va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPl5mRdA==</latexit>

⌦ = h2 + 2ef + 2fe
<latexit sha1_base64="tZyqPp/66Ng0vkqSoC5x+0IhnA4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRZBKJQkCnoRil68WcF+QFvLZjtpl+5uwu5GLKF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAtiRpV23W8rt7K6tr6R3yxsbe/s7tn7xYaKEkmgTiIWyVaAFTAqoK6pZtCKJWAeMGgGo+up33wEqWgk7vU4hi7HA0FDSrA2Us8udm45DPDl8MEv+xCW/RB6dsmtuDM4y8TLSAllqPXsr04/IgkHoQnDSrU9N9bdFEtNCYNJoZMoiDEZ4QG0DRWYg+qms9snzrFR+k4YSVNCOzP190SKuVJjHphOjvVQLXpT8T+vnejwoptSEScaBJkvChPm6MiZBuH0qQSi2dgQTCQ1tzpkiCUm2sRVMCF4iy8vk4Zf8U4r/t1ZqXqVxZFHh+gInSAPnaMqukE1VEcEPaFn9IrerIn1Yr1bH/PWnJXNHKA/sD5/ABhHky0=</latexit>

Generated by the Casimir
SL(2,R)/SO(2) ⇠= H

<latexit sha1_base64="LgfntXswS2U3zWzrVczqDF19+sI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpQWoSBV0W3XQhWK19QBvKZDpph04mYWYilNA/cOOvuHGhiFu37vwbpw9BWw9cOJxzL/fe40WMSmVZX0ZqYXFpeSW9mllb39jcMrd3ajKMBSZVHLJQNDwkCaOcVBVVjDQiQVDgMVL3+pcjv35PhKQhv1ODiLgB6nLqU4yUltrmYeUq5xy1AqR6npfcDvPHleuck2/hkHfhj1wats2sVbDGgPPEnpIsmKLcNj9bnRDHAeEKMyRl07Yi5SZIKIoZGWZasSQRwn3UJU1NOQqIdJPxP0N4oJUO9EOhiys4Vn9PJCiQchB4unN0oZz1RuJ/XjNW/rmbUB7FinA8WeTHDKoQjsKBHSoIVmygCcKC6lsh7iGBsNIRZnQI9uzL86TmFOyTgnNzmi1eTONIgz2wD3LABmegCEqgDKoAgwfwBF7Aq/FoPBtvxvukNWVMZ3bBHxgf33HMmw4=</latexit>

On

⌦ $ �H
<latexit sha1_base64="PDi/lXYUfGlNz5jEFL19T9FTz8s=">AAACE3icbVA9SwNBEN2L3/ErammzGASxCHdR0DKohZ0KRoVcCHObuWTJ3ge7c0o48h9s/Cs2ForY2tj5b9zEFGp8MPB4b4aZeUGqpCHX/XQKU9Mzs3PzC8XFpeWV1dLa+pVJMi2wLhKV6JsADCoZY50kKbxJNUIUKLwOesdD//oWtZFJfEn9FJsRdGIZSgFkpVZp1z+LsAPcVxiSlp0ugdbJHfdPUBG0cj8C6gZBfjoYtEplt+KOwCeJNyZlNsZ5q/ThtxORRRiTUGBMw3NTauagSQqFg6KfGUxB9KCDDUtjiNA089FPA75tlTYPE20rJj5Sf07kEBnTjwLbOTzR/PWG4n9eI6PwsJnLOM0IY/G9KMwUp4QPA+JtqVGQ6lsCQkt7Kxdd0CDIxli0IXh/X54kV9WKt1epXuyXa0fjOObZJttiO8xjB6zGTtk5qzPB7tkje2YvzoPz5Lw6b9+tBWc8s8F+wXn/AuNans8=</latexit>



Eisenstein series on semi-simple Lie groups
(Borel) Eisenstein series on a semi-simple Lie group is defined by:

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i



Eisenstein series on semi-simple Lie groups

E(�, g) =
X

�2B(Z)\G(Z)

eh�+⇢|H(�g)i

G = BK = NAKIwasawa decomposition:
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(Borel) Eisenstein series on a semi-simple Lie group is defined by:



Adelic picture

Definition (Automorphic form)

A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

G(A) = G(R)⇥
0Y

p<1
G(Qp)

<latexit sha1_base64="0XQTDjauHyOBomBGF6YSwPtqPjU="></latexit>



A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

Does not carry an action of G(A)
<latexit sha1_base64="7IpaROjuDaGuDbkcqmcrwqEGOE0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE12iLnSJiTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Tvz2hUrFQPOppRN0ADwXzGcHaSO5duRdgPfK85Hp23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqT5clOo3WR15OIFTKIMDl1CHe2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcDTZGb</latexit>



A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

Does not carry an action of G(A)
<latexit sha1_base64="7IpaROjuDaGuDbkcqmcrwqEGOE0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE12iLnSJiTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Tvz2hUrFQPOppRN0ADwXzGcHaSO5duRdgPfK85Hp23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqT5clOo3WR15OIFTKIMDl1CHe2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcDTZGb</latexit>

The universal enveloping algebra           acts by diff. operators:U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

⇡(gf ) · F (g0) = F (g0gf )
<latexit sha1_base64="DarOSmIvrJHzt1A8jObmw7k3GFQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovYbkpSBd0IRUFcVrAPaEKYTCbp0MmDmYlQQldu/BU3LhRx6ze482+ctFlo64F7OZxzLzP3uAmjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29rohTjkkHxyzmfRcJwmhEOpJKRvoJJyh0Gem5o+vc7z0QLmgc3ctxQuwQBRH1KUZSSY5+aCW0Fjh+3cJeLOFNLTipX+Yd5qKjV42GMQVcJGZBqqBA29G/LC/GaUgiiRkSYmAaibQzxCXFjEwqVipIgvAIBWSgaIRCIuxsesYEHivFg37MVUUSTtXfGxkKhRiHrpoMkRyKeS8X//MGqfQv7IxGSSpJhGcP+SmDMoZ5JtCjnGDJxoogzKn6K8RDxBGWKrmKCsGcP3mRdJsN87TRvDurtq6KOMrgAByBGjDBOWiBW9AGHYDBI3gGr+BNe9JetHftYzZa0oqdffAH2ucPXWqWfA==</latexit>

g0 2 G(A), gf 2 G(Af )
<latexit sha1_base64="XmN8IaRVn2iDHSojScHO1DqaQ2I=">AAACGnicbVDLSsNAFJ34rPUVdelmsIgtSEmqoMuqC11WsA9oQphMJunQySTOTIQS+h1u/BU3LhRxJ278G6ePhbYeuHA4517uvcdPGZXKsr6NhcWl5ZXVwlpxfWNza9vc2W3JJBOYNHHCEtHxkSSMctJUVDHSSQVBsc9I2+9fjfz2AxGSJvxODVLixijiNKQYKS15ph0dOZTD67ITI9Xz/fxiWDmGzn2GAhh54aznhRXPLFlVaww4T+wpKYEpGp756QQJzmLCFWZIyq5tpcrNkVAUMzIsOpkkKcJ9FJGuphzFRLr5+LUhPNRKAMNE6OIKjtXfEzmKpRzEvu4cHSlnvZH4n9fNVHju5pSnmSIcTxaFGYMqgaOcYEAFwYoNNEFYUH0rxD0kEFY6zaIOwZ59eZ60alX7pFq7PS3VL6dxFMA+OABlYIMzUAc3oAGaAINH8AxewZvxZLwY78bHpHXBmM7sgT8wvn4AprufZw==</latexit>

The right translations of the finite adeles

The right translations by K1
<latexit sha1_base64="BubWySSAfIyGw92s5WNsRm/t6nM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+gDWWz3bRLN5u4OxFC6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrB8wS7kd0oEQoGEUrte96XaFCzHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugv6YahRM8kmxmxqeUDaiA96xVNGIG388u3dCTq3SJ2GsbSkkM/X3xJhGxmRRYDsjikOz6E3F/7xOiuGVPxYqSZErNl8UppJgTKbPk77QnKHMLKFMC3srYUOqKUMbUdGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwkPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHE2iP/g==</latexit>

⇡(k1) · F (g0) = F (g0k1)
<latexit sha1_base64="/PiSXjHsEmiJymG0IgjFo7424SE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BIvaXspuFfQiFAXxWMG2Qncp2TTbhmazSzIrlNJ/4MW/4sWDIl69evPfmG2LaOuDGR7vzZDM82PBNdj2l5VZWFxaXsmu5tbWNza38ts7DR0lirI6jUSk7nyimeCS1YGDYHexYiT0BWv6/cvUb94zpXkkb2EQMy8kXckDTgkYqZ0/dGNe7LddLgMYlFzaiQBfFbtHpfO0/xjtfMEu22PgeeJMSQFNUWvnP91ORJOQSaCCaN1y7Bi8IVHAqWCjnJtoFhPaJ13WMlSSkGlvOL5nhA+M0sFBpExJwGP198aQhFoPQt9MhgR6etZLxf+8VgLBmTfkMk6ASTp5KEgEhgin4eAOV4yCGBhCqOLmr5j2iCIUTIQ5E4Ize/I8aVTKznG5cnNSqF5M48iiPbSPishBp6iKrlEN1RFFD+gJvaBX69F6tt6s98loxpru7KI/sD6+AWq6mv4=</latexit>

Instead we have the following structure:



A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

Does not carry an action of G(A)
<latexit sha1_base64="7IpaROjuDaGuDbkcqmcrwqEGOE0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE12iLnSJiTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Tvz2hUrFQPOppRN0ADwXzGcHaSO5duRdgPfK85Hp23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqT5clOo3WR15OIFTKIMDl1CHe2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcDTZGb</latexit>

The universal enveloping algebra           acts by diff. operators:U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

⇡(gf ) · F (g0) = F (g0gf )
<latexit sha1_base64="DarOSmIvrJHzt1A8jObmw7k3GFQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovYbkpSBd0IRUFcVrAPaEKYTCbp0MmDmYlQQldu/BU3LhRx6ze482+ctFlo64F7OZxzLzP3uAmjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29rohTjkkHxyzmfRcJwmhEOpJKRvoJJyh0Gem5o+vc7z0QLmgc3ctxQuwQBRH1KUZSSY5+aCW0Fjh+3cJeLOFNLTipX+Yd5qKjV42GMQVcJGZBqqBA29G/LC/GaUgiiRkSYmAaibQzxCXFjEwqVipIgvAIBWSgaIRCIuxsesYEHivFg37MVUUSTtXfGxkKhRiHrpoMkRyKeS8X//MGqfQv7IxGSSpJhGcP+SmDMoZ5JtCjnGDJxoogzKn6K8RDxBGWKrmKCsGcP3mRdJsN87TRvDurtq6KOMrgAByBGjDBOWiBW9AGHYDBI3gGr+BNe9JetHftYzZa0oqdffAH2ucPXWqWfA==</latexit>

g0 2 G(A), gf 2 G(Af )
<latexit sha1_base64="XmN8IaRVn2iDHSojScHO1DqaQ2I=">AAACGnicbVDLSsNAFJ34rPUVdelmsIgtSEmqoMuqC11WsA9oQphMJunQySTOTIQS+h1u/BU3LhRxJ278G6ePhbYeuHA4517uvcdPGZXKsr6NhcWl5ZXVwlpxfWNza9vc2W3JJBOYNHHCEtHxkSSMctJUVDHSSQVBsc9I2+9fjfz2AxGSJvxODVLixijiNKQYKS15ph0dOZTD67ITI9Xz/fxiWDmGzn2GAhh54aznhRXPLFlVaww4T+wpKYEpGp756QQJzmLCFWZIyq5tpcrNkVAUMzIsOpkkKcJ9FJGuphzFRLr5+LUhPNRKAMNE6OIKjtXfEzmKpRzEvu4cHSlnvZH4n9fNVHju5pSnmSIcTxaFGYMqgaOcYEAFwYoNNEFYUH0rxD0kEFY6zaIOwZ59eZ60alX7pFq7PS3VL6dxFMA+OABlYIMzUAc3oAGaAINH8AxewZvxZLwY78bHpHXBmM7sgT8wvn4AprufZw==</latexit>

The right translations of the finite adeles

The right translations by K1
<latexit sha1_base64="BubWySSAfIyGw92s5WNsRm/t6nM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+gDWWz3bRLN5u4OxFC6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrB8wS7kd0oEQoGEUrte96XaFCzHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugv6YahRM8kmxmxqeUDaiA96xVNGIG388u3dCTq3SJ2GsbSkkM/X3xJhGxmRRYDsjikOz6E3F/7xOiuGVPxYqSZErNl8UppJgTKbPk77QnKHMLKFMC3srYUOqKUMbUdGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwkPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHE2iP/g==</latexit>

⇡(k1) · F (g0) = F (g0k1)
<latexit sha1_base64="/PiSXjHsEmiJymG0IgjFo7424SE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BIvaXspuFfQiFAXxWMG2Qncp2TTbhmazSzIrlNJ/4MW/4sWDIl69evPfmG2LaOuDGR7vzZDM82PBNdj2l5VZWFxaXsmu5tbWNza38ts7DR0lirI6jUSk7nyimeCS1YGDYHexYiT0BWv6/cvUb94zpXkkb2EQMy8kXckDTgkYqZ0/dGNe7LddLgMYlFzaiQBfFbtHpfO0/xjtfMEu22PgeeJMSQFNUWvnP91ORJOQSaCCaN1y7Bi8IVHAqWCjnJtoFhPaJ13WMlSSkGlvOL5nhA+M0sFBpExJwGP198aQhFoPQt9MhgR6etZLxf+8VgLBmTfkMk6ASTp5KEgEhgin4eAOV4yCGBhCqOLmr5j2iCIUTIQ5E4Ize/I8aVTKznG5cnNSqF5M48iiPbSPishBp6iKrlEN1RFFD+gJvaBX69F6tt6s98loxpru7KI/sD6+AWq6mv4=</latexit>

Instead we have the following structure:

commute



A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

Does not carry an action of G(A)
<latexit sha1_base64="7IpaROjuDaGuDbkcqmcrwqEGOE0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE12iLnSJiTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Tvz2hUrFQPOppRN0ADwXzGcHaSO5duRdgPfK85Hp23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqT5clOo3WR15OIFTKIMDl1CHe2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcDTZGb</latexit>

The universal enveloping algebra           acts by diff. operators:U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

⇡(gf ) · F (g0) = F (g0gf )
<latexit sha1_base64="DarOSmIvrJHzt1A8jObmw7k3GFQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovYbkpSBd0IRUFcVrAPaEKYTCbp0MmDmYlQQldu/BU3LhRx6ze482+ctFlo64F7OZxzLzP3uAmjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29rohTjkkHxyzmfRcJwmhEOpJKRvoJJyh0Gem5o+vc7z0QLmgc3ctxQuwQBRH1KUZSSY5+aCW0Fjh+3cJeLOFNLTipX+Yd5qKjV42GMQVcJGZBqqBA29G/LC/GaUgiiRkSYmAaibQzxCXFjEwqVipIgvAIBWSgaIRCIuxsesYEHivFg37MVUUSTtXfGxkKhRiHrpoMkRyKeS8X//MGqfQv7IxGSSpJhGcP+SmDMoZ5JtCjnGDJxoogzKn6K8RDxBGWKrmKCsGcP3mRdJsN87TRvDurtq6KOMrgAByBGjDBOWiBW9AGHYDBI3gGr+BNe9JetHftYzZa0oqdffAH2ucPXWqWfA==</latexit>

g0 2 G(A), gf 2 G(Af )
<latexit sha1_base64="XmN8IaRVn2iDHSojScHO1DqaQ2I=">AAACGnicbVDLSsNAFJ34rPUVdelmsIgtSEmqoMuqC11WsA9oQphMJunQySTOTIQS+h1u/BU3LhRxJ278G6ePhbYeuHA4517uvcdPGZXKsr6NhcWl5ZXVwlpxfWNza9vc2W3JJBOYNHHCEtHxkSSMctJUVDHSSQVBsc9I2+9fjfz2AxGSJvxODVLixijiNKQYKS15ph0dOZTD67ITI9Xz/fxiWDmGzn2GAhh54aznhRXPLFlVaww4T+wpKYEpGp756QQJzmLCFWZIyq5tpcrNkVAUMzIsOpkkKcJ9FJGuphzFRLr5+LUhPNRKAMNE6OIKjtXfEzmKpRzEvu4cHSlnvZH4n9fNVHju5pSnmSIcTxaFGYMqgaOcYEAFwYoNNEFYUH0rxD0kEFY6zaIOwZ59eZ60alX7pFq7PS3VL6dxFMA+OABlYIMzUAc3oAGaAINH8AxewZvxZLwY78bHpHXBmM7sgT8wvn4AprufZw==</latexit>

The right translations of the finite adeles

The right translations by K1
<latexit sha1_base64="BubWySSAfIyGw92s5WNsRm/t6nM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+gDWWz3bRLN5u4OxFC6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrB8wS7kd0oEQoGEUrte96XaFCzHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugv6YahRM8kmxmxqeUDaiA96xVNGIG388u3dCTq3SJ2GsbSkkM/X3xJhGxmRRYDsjikOz6E3F/7xOiuGVPxYqSZErNl8UppJgTKbPk77QnKHMLKFMC3srYUOqKUMbUdGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwkPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHE2iP/g==</latexit>

⇡(k1) · F (g0) = F (g0k1)
<latexit sha1_base64="/PiSXjHsEmiJymG0IgjFo7424SE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BIvaXspuFfQiFAXxWMG2Qncp2TTbhmazSzIrlNJ/4MW/4sWDIl69evPfmG2LaOuDGR7vzZDM82PBNdj2l5VZWFxaXsmu5tbWNza38ts7DR0lirI6jUSk7nyimeCS1YGDYHexYiT0BWv6/cvUb94zpXkkb2EQMy8kXckDTgkYqZ0/dGNe7LddLgMYlFzaiQBfFbtHpfO0/xjtfMEu22PgeeJMSQFNUWvnP91ORJOQSaCCaN1y7Bi8IVHAqWCjnJtoFhPaJ13WMlSSkGlvOL5nhA+M0sFBpExJwGP198aQhFoPQt9MhgR6etZLxf+8VgLBmTfkMk6ASTp5KEgEhgin4eAOV4yCGBhCqOLmr5j2iCIUTIQ5E4Ize/I8aVTKznG5cnNSqF5M48iiPbSPishBp6iKrlEN1RFFD+gJvaBX69F6tt6s98loxpru7KI/sD6+AWq6mv4=</latexit>

Instead we have the following structure:

commute



A(G(Q)\G(A))
<latexit sha1_base64="p8ABHjqHYqxbRDVjUg9eXvUGjNw=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRT0OOmBz1u4D5gLSPNsi0sTUuSCqP0f3jxr3jxoIgnwYP/xrQrqJsPBJ487/fjhYxKZVlfxsrq2vrGZmGruL2zu7dvHhx2ZBAJTNo4YIHoeUgSRjlpK6oY6YWCIN9jpOtNr9N4954ISQN+p2YhcX005nREMVJaGpg1x0dqghGLG0n5ppz9PC9uJRXHQ3gqGZIT+KM3kkplYJasqpUBLhM7JyWQozkwP5xhgCOfcIV1P9m3rVC5MRKKYkaSohNJEuphaEz6mnLkE+nG2W0JPNXKEI4CoR9XMFN/V8TIl3Lmezoz3VEuxlLxv1g/UqNLN6Y8jBTheD5oFDGoApgaBYdUEKzYTBOEBdW7QjxBAmGl7SxqE+zFk5dJp1a1z6q11nmpfpXbUQDH4ASUgQ0uQB3cgiZoAwwewBN4Aa/Go/FsvBnv89QVI685An9gfH4DHm2g0Q==</latexit>

Space of automorphic forms:

Does not carry an action of G(A)
<latexit sha1_base64="7IpaROjuDaGuDbkcqmcrwqEGOE0=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE12iLnSJiTwSmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Tvz2hUrFQPOppRN0ADwXzGcHaSO5duRdgPfK85Hp23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqT5clOo3WR15OIFTKIMDl1CHe2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcDTZGb</latexit>

The universal enveloping algebra           acts by diff. operators:U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

⇡(gf ) · F (g0) = F (g0gf )
<latexit sha1_base64="DarOSmIvrJHzt1A8jObmw7k3GFQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovYbkpSBd0IRUFcVrAPaEKYTCbp0MmDmYlQQldu/BU3LhRx6ze482+ctFlo64F7OZxzLzP3uAmjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29rohTjkkHxyzmfRcJwmhEOpJKRvoJJyh0Gem5o+vc7z0QLmgc3ctxQuwQBRH1KUZSSY5+aCW0Fjh+3cJeLOFNLTipX+Yd5qKjV42GMQVcJGZBqqBA29G/LC/GaUgiiRkSYmAaibQzxCXFjEwqVipIgvAIBWSgaIRCIuxsesYEHivFg37MVUUSTtXfGxkKhRiHrpoMkRyKeS8X//MGqfQv7IxGSSpJhGcP+SmDMoZ5JtCjnGDJxoogzKn6K8RDxBGWKrmKCsGcP3mRdJsN87TRvDurtq6KOMrgAByBGjDBOWiBW9AGHYDBI3gGr+BNe9JetHftYzZa0oqdffAH2ucPXWqWfA==</latexit>

g0 2 G(A), gf 2 G(Af )
<latexit sha1_base64="XmN8IaRVn2iDHSojScHO1DqaQ2I=">AAACGnicbVDLSsNAFJ34rPUVdelmsIgtSEmqoMuqC11WsA9oQphMJunQySTOTIQS+h1u/BU3LhRxJ278G6ePhbYeuHA4517uvcdPGZXKsr6NhcWl5ZXVwlpxfWNza9vc2W3JJBOYNHHCEtHxkSSMctJUVDHSSQVBsc9I2+9fjfz2AxGSJvxODVLixijiNKQYKS15ph0dOZTD67ITI9Xz/fxiWDmGzn2GAhh54aznhRXPLFlVaww4T+wpKYEpGp756QQJzmLCFWZIyq5tpcrNkVAUMzIsOpkkKcJ9FJGuphzFRLr5+LUhPNRKAMNE6OIKjtXfEzmKpRzEvu4cHSlnvZH4n9fNVHju5pSnmSIcTxaFGYMqgaOcYEAFwYoNNEFYUH0rxD0kEFY6zaIOwZ59eZ60alX7pFq7PS3VL6dxFMA+OABlYIMzUAc3oAGaAINH8AxewZvxZLwY78bHpHXBmM7sgT8wvn4AprufZw==</latexit>

The right translations of the finite adeles

The right translations by K1
<latexit sha1_base64="BubWySSAfIyGw92s5WNsRm/t6nM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0InipYD+gDWWz3bRLN5u4OxFC6Z/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W09cGxGrB8wS7kd0oEQoGEUrte96XaFCzHqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugv6YahRM8kmxmxqeUDaiA96xVNGIG388u3dCTq3SJ2GsbSkkM/X3xJhGxmRRYDsjikOz6E3F/7xOiuGVPxYqSZErNl8UppJgTKbPk77QnKHMLKFMC3srYUOqKUMbUdGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwkPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHE2iP/g==</latexit>

⇡(k1) · F (g0) = F (g0k1)
<latexit sha1_base64="/PiSXjHsEmiJymG0IgjFo7424SE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BIvaXspuFfQiFAXxWMG2Qncp2TTbhmazSzIrlNJ/4MW/4sWDIl69evPfmG2LaOuDGR7vzZDM82PBNdj2l5VZWFxaXsmu5tbWNza38ts7DR0lirI6jUSk7nyimeCS1YGDYHexYiT0BWv6/cvUb94zpXkkb2EQMy8kXckDTgkYqZ0/dGNe7LddLgMYlFzaiQBfFbtHpfO0/xjtfMEu22PgeeJMSQFNUWvnP91ORJOQSaCCaN1y7Bi8IVHAqWCjnJtoFhPaJ13WMlSSkGlvOL5nhA+M0sFBpExJwGP198aQhFoPQt9MhgR6etZLxf+8VgLBmTfkMk6ASTp5KEgEhgin4eAOV4yCGBhCqOLmr5j2iCIUTIQ5E4Ize/I8aVTKznG5cnNSqF5M48iiPbSPishBp6iKrlEN1RFFD+gJvaBX69F6tt6s98loxpru7KI/sD6+AWq6mv4=</latexit>

Instead we have the following structure:

don’t

commute



DX · ⇡(k1) = ⇡(k1) ·Dk�1
1 Xk1

<latexit sha1_base64="tUfpe/q0OdYioCQN8FKMSdHMxZg=">AAACLnicbVDLSsNAFJ3UV62vqks3g0WwC0tSBd0IxQe4VLBaaGqYTCc6dDIJMzdCCfkiN/6KLgQVcetnOE1bUOuFgXPOPZc79/ix4Bps+9UqTE3PzM4V50sLi0vLK+XVtSsdJYqyJo1EpFo+0UxwyZrAQbBWrBgJfcGu/d7xoH99z5TmkbyEfsw6IbmVPOCUgJG88umJ13JpNwI35ts9z+UygH71cMjSIc2quQOfeOnYcZPuOFlrzDKvXLFrdl54EjgjUEGjOvfKz243oknIJFBBtG47dgydlCjgVLCs5CaaxYT2yC1rGyhJyHQnzc/N8JZRujiIlHkScK7+nEhJqHU/9I0zJHCn//YG4n+9dgLBQSflMk6ASTpcFCQCQ4QH2eEuV4yC6BtAqOLmr5jeEUUomIRLJgTn78mT4Kpec3Zr9Yu9SuNoFEcRbaBNtI0ctI8a6Aydoyai6AE9oTf0bj1aL9aH9Tm0FqzRzDr6VdbXN993qbA=</latexit>

These two actions satisfy a compatibility condition

(g,K)�
<latexit sha1_base64="ATmy4jIurGqzq5sMc/5ixcAOLgc=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahgpakCrosuhHcVLAPaEOZTCft0MmDmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzx404k8qyvo3Cyura+kZxs7S1vbO7Z+6X2zKMBaEtEvJQdF0sKWcBbSmmOO1GgmLf5bTjTm4yv/NIhWRh8KCmEXV8PAqYxwhWWhqY5Wrfx2rsCTxJRukpujs5G5gVq2bNgJaJnZMK5GgOzK/+MCSxTwNFOJayZ1uRchIsFCOcpqV+LGmEyQSPaE/TAPtUOskse4qOtTJEXij0CxSaqb83EuxLOfVdPZkFlYteJv7n9WLlXTkJC6JY0YDMD3kxRypEWRFoyAQlik81wUQwnRWRMRaYKF1XSZdgL355mbTrNfu8Vr+/qDSu8zqKcAhHUAUbLqEBt9CEFhB4gmd4hTcjNV6Md+NjPlow8p0D+APj8weclJOB</latexit>

module

(Harish-Chandra module)



DX · ⇡(k1) = ⇡(k1) ·Dk�1
1 Xk1

<latexit sha1_base64="tUfpe/q0OdYioCQN8FKMSdHMxZg=">AAACLnicbVDLSsNAFJ3UV62vqks3g0WwC0tSBd0IxQe4VLBaaGqYTCc6dDIJMzdCCfkiN/6KLgQVcetnOE1bUOuFgXPOPZc79/ix4Bps+9UqTE3PzM4V50sLi0vLK+XVtSsdJYqyJo1EpFo+0UxwyZrAQbBWrBgJfcGu/d7xoH99z5TmkbyEfsw6IbmVPOCUgJG88umJ13JpNwI35ts9z+UygH71cMjSIc2quQOfeOnYcZPuOFlrzDKvXLFrdl54EjgjUEGjOvfKz243oknIJFBBtG47dgydlCjgVLCs5CaaxYT2yC1rGyhJyHQnzc/N8JZRujiIlHkScK7+nEhJqHU/9I0zJHCn//YG4n+9dgLBQSflMk6ASTpcFCQCQ4QH2eEuV4yC6BtAqOLmr5jeEUUomIRLJgTn78mT4Kpec3Zr9Yu9SuNoFEcRbaBNtI0ctI8a6Aydoyai6AE9oTf0bj1aL9aH9Tm0FqzRzDr6VdbXN993qbA=</latexit>

These two actions satisfy a compatibility condition

(g,K)�
<latexit sha1_base64="ATmy4jIurGqzq5sMc/5ixcAOLgc=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahgpakCrosuhHcVLAPaEOZTCft0MmDmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzx404k8qyvo3Cyura+kZxs7S1vbO7Z+6X2zKMBaEtEvJQdF0sKWcBbSmmOO1GgmLf5bTjTm4yv/NIhWRh8KCmEXV8PAqYxwhWWhqY5Wrfx2rsCTxJRukpujs5G5gVq2bNgJaJnZMK5GgOzK/+MCSxTwNFOJayZ1uRchIsFCOcpqV+LGmEyQSPaE/TAPtUOskse4qOtTJEXij0CxSaqb83EuxLOfVdPZkFlYteJv7n9WLlXTkJC6JY0YDMD3kxRypEWRFoyAQlik81wUQwnRWRMRaYKF1XSZdgL355mbTrNfu8Vr+/qDSu8zqKcAhHUAUbLqEBt9CEFhB4gmd4hTcjNV6Md+NjPlow8p0D+APj8weclJOB</latexit>

module

(Harish-Chandra module)

With this preparation we arrive at:

Definition (automorphic representation)



1. Motivation from amplitudes



QFT amplitudes

Compute the probability of a scattering process between 
elementary particles



QFT amplitudes

Compute the probability of a scattering process between 
elementary particles

time



QFT amplitudes

Compute the probability of a scattering process between 
elementary particles

time

Perturbation theory: expand for small coupling g
<latexit sha1_base64="op9YQdDvwJgXXtxm6zU1a2faInk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fzcOM7w==</latexit>

⇠ e�1/g
<latexit sha1_base64="89SUwkbBSTqb3IiaLvr/yTrAAxE=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgxbpbBT0WvXisYD+gXUs2nW1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRaFOIx6pVkA0cCahbpjh0IoVEBFwaAbD26nfHIHSLJIPZhyDL0hfspBRYqzkdzQTGB7TM++8P+kWS27ZnQEvEy8jJZSh1i1+dXoRTQRIQznRuu25sfFTogyjHCaFTqIhJnRI+tC2VBIB2k9nR0/wiVV6OIyULWnwTP09kRKh9VgEtlMQM9CL3lT8z2snJrz2UybjxICk80VhwrGJ8DQB3GMKqOFjSwhVzN6K6YAoQo3NqWBD8BZfXiaNStm7KFfuL0vVmyyOPDpCx+gUeegKVdEdqqE6ougJPaNX9OaMnBfn3fmYt+acbOYQ/YHz+QPIvZF0</latexit>



Understand the structure of string interactions

String amplitudes



Understand the structure of string interactions

String amplitudes

genus expansion

String amplitudes have a 
two-parameter expansion



f0(g)
<latexit sha1_base64="+f16NbzBv7dLpnBPTQqVBBM/Dy8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nSeqNJPiwUxj6kd4JFjICDZWaocDtzo6H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7XvMuavX7y0rjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz95UY5n</latexit> f4(g)

<latexit sha1_base64="1B2UbrH4rcXvst7fVSqIqi/pAXU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuW9Bj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqR0O6uXR5aBYcivuAmideBkpQYbmoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmPDaT5mIE0MFWS4KE46MRPPX0ZApSgyfWoKJYvZWRMZYYWJsQAUbgrf68jppVyterVK9r5caN1kceTiDcyiDB1fQgDtoQgsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwBf22Oaw==</latexit>



must be invariant under U-duality 

supersymmetry requires differential equations

well-defined weak-coupling expansions as gs ! 0

G(Z)
<latexit sha1_base64="QIcZCd2B5fWowFkfD7F0pJ5Sla8=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE10SXegSE3lEmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Svz2hUrFQPOhpRN0ADwXzGcHaSO5tuRdgPfK85HF23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqd5flOrXWR15OIFTKIMDl1CHO2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcpY5G0</latexit>

must be invariant under K
<latexit sha1_base64="HQfadDQrozr2PpvG928HQmjcOjI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6NTjNM=</latexit>



must be invariant under U-duality 

supersymmetry requires differential equations

well-defined weak-coupling expansions as gs ! 0

G(Z)
<latexit sha1_base64="QIcZCd2B5fWowFkfD7F0pJ5Sla8=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBDZkBE10SXegSE3lEmJBO6UBDpzO2HRIy4TvcuNAYt36MO//GDsxCwZM0OTnn3tzT40WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtjW9Svz2hUrFQPOhpRN0ADwXzGcHaSO5tuRdgPfK85HF23i+W7Io9B1olTkZKkKHRL371BiGJAyo04ViprmNH2k2w1IxwOiv0YkUjTMZ4SLuGChxQ5Sbz0DN0ZpQB8kNpntBorv7eSHCg1DTwzGQaUS17qfif1421f+UmTESxpoIsDvkxRzpEaQNowCQlmk8NwUQykxWREZaYaNNTwZTgLH95lbSqFadWqd5flOrXWR15OIFTKIMDl1CHO2hAEwg8wTO8wps1sV6sd+tjMZqzsp1j+APr8wcpY5G0</latexit>

defining properties 
of an 

automorphic 
form!

must be invariant under K
<latexit sha1_base64="HQfadDQrozr2PpvG928HQmjcOjI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6NTjNM=</latexit>



Amplitudes correspond to special representations

f0(g) = E(3/2, g) f4(g) = E(5/2, g)

E(�, g)
<latexit sha1_base64="gJmPokqIRfxtVxKzFal2Hfh4+/k=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcpMK+iyKILLCvYB7VAymUwbmsmMSaZQhn6HGxeKuPVj3Pk3pu0stPVA4HDOudyb48WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtjW5nfntMpWKReNSTmLohHggWMIK1kdy7co+bsI8v0OC8XyzZFXsOtEqcjJQgQ6Nf/Or5EUlCKjThWKmuY8faTbHUjHA6LfQSRWNMRnhAu4YKHFLlpvOjp+jMKD4KImme0Giu/p5IcajUJPRMMsR6qJa9mfif1010cO2mTMSJpoIsFgUJRzpCswaQzyQlmk8MwUQycysiQywx0aanginBWf7yKmlVK06tUn24LNVvsjrycAKnUAYHrqAO99CAJhB4gmd4hTdrbL1Y79bHIpqzsplj+APr8wcftZEG</latexit>

Borel Eisenstein series: 

Consider the special locus:  E(s, g) = E(2s⇤1 � ⇢, g)
<latexit sha1_base64="Aj+Z8Yf0bYZcm5T0LvInb868TM0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQQi1JFXQjFKXgwkUF+4AmhMlkkg6dPJiZCKV05cZfceNCEbd+gzv/xmmbhbYeGDiccw937nETRoU0jG8tt7S8srqWXy9sbG5t7+i7e20RpxyTFo5ZzLsuEoTRiLQklYx0E05Q6DLScQfXE7/zQLigcXQvhwmxQxRE1KcYSSU5+mGjJCpB+bJRqgnrVuU85JgnFu/HFRiUHb1oVI0p4CIxM1IEGZqO/mV5MU5DEknMkBA900ikPUJcUszIuGClgiQID1BAeopGKCTCHk3PGMNjpXjQj7l6kYRT9XdihEIhhqGrJkMk+2Lem4j/eb1U+hf2iEZJKkmEZ4v8lEEZw0kn0KOcYMmGiiDMqforxH3EEZaquYIqwZw/eZG0a1XztFq7OyvWr7I68uAAHIESMME5qIMb0AQtgMEjeAav4E170l60d+1jNprTssw++APt8wd8TJaX</latexit>

We then have:



Amplitudes correspond to special representations

These functions are Eisenstein series attached to small 
automorphic representations of     .G

minimal automorphic
representation

next-to-minimal automorphic
representation

[Ginzburg, Rallis, Soudry][Green, Miller, Vanhove][Pioline]

⇡ntm⇡min

1/2 - BPS 1/4 - BPS

f0(g) = E(3/2, g) f4(g) = E(5/2, g)

E(�, g)
<latexit sha1_base64="gJmPokqIRfxtVxKzFal2Hfh4+/k=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcpMK+iyKILLCvYB7VAymUwbmsmMSaZQhn6HGxeKuPVj3Pk3pu0stPVA4HDOudyb48WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtjW5nfntMpWKReNSTmLohHggWMIK1kdy7co+bsI8v0OC8XyzZFXsOtEqcjJQgQ6Nf/Or5EUlCKjThWKmuY8faTbHUjHA6LfQSRWNMRnhAu4YKHFLlpvOjp+jMKD4KImme0Giu/p5IcajUJPRMMsR6qJa9mfif1010cO2mTMSJpoIsFgUJRzpCswaQzyQlmk8MwUQycysiQywx0aanginBWf7yKmlVK06tUn24LNVvsjrycAKnUAYHrqAO99CAJhB4gmd4hTdrbL1Y79bHIpqzsplj+APr8wcftZEG</latexit>

Borel Eisenstein series: 

Consider the special locus:  E(s, g) = E(2s⇤1 � ⇢, g)
<latexit sha1_base64="Aj+Z8Yf0bYZcm5T0LvInb868TM0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQQi1JFXQjFKXgwkUF+4AmhMlkkg6dPJiZCKV05cZfceNCEbd+gzv/xmmbhbYeGDiccw937nETRoU0jG8tt7S8srqWXy9sbG5t7+i7e20RpxyTFo5ZzLsuEoTRiLQklYx0E05Q6DLScQfXE7/zQLigcXQvhwmxQxRE1KcYSSU5+mGjJCpB+bJRqgnrVuU85JgnFu/HFRiUHb1oVI0p4CIxM1IEGZqO/mV5MU5DEknMkBA900ikPUJcUszIuGClgiQID1BAeopGKCTCHk3PGMNjpXjQj7l6kYRT9XdihEIhhqGrJkMk+2Lem4j/eb1U+hf2iEZJKkmEZ4v8lEEZw0kn0KOcYMmGiiDMqforxH3EEZaquYIqwZw/eZG0a1XztFq7OyvWr7I68uAAHIESMME5qIMb0AQtgMEjeAav4E170l60d+1jNprTssw++APt8wd8TJaX</latexit>

We then have:



4.  Z-infinite automorphic forms



f0(g)
<latexit sha1_base64="+f16NbzBv7dLpnBPTQqVBBM/Dy8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nSeqNJPiwUxj6kd4JFjICDZWaocDtzo6H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7XvMuavX7y0rjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz95UY5n</latexit> f4(g)

<latexit sha1_base64="1B2UbrH4rcXvst7fVSqIqi/pAXU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuW9Bj0YvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Hbud56o0kyKBzONqR/hkWAhI9hYqR0O6uXR5aBYcivuAmideBkpQYbmoPjVH0qSRFQYwrHWPc+NjZ9iZRjhdFboJ5rGmEzwiPYsFTii2k8X187QhVWGKJTKljBoof6eSHGk9TQKbGeEzVivenPxP6+XmPDaT5mIE0MFWS4KE46MRPPX0ZApSgyfWoKJYvZWRMZYYWJsQAUbgrf68jppVyterVK9r5caN1kceTiDcyiDB1fQgDtoQgsIPMIzvMKbI50X5935WLbmnGzmFP7A+fwBf22Oaw==</latexit>



What happens at higher orders?

What kind of automorphic object appears here?

?



What happens at higher orders?

What kind of automorphic object appears here?

F
<latexit sha1_base64="0GKwjezZDa6BOR5Fs3+zk2FsV9w=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+STqPuXdQbD5e15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feTWRYA==</latexit>



[Green, Vanhove][Green, Miller, Vanhove][Fedosova, Klinger-Logan, Radchenko]

F(⌧)
<latexit sha1_base64="hgntps0C1dQklRJm87BGKpPO+vQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmqoMuiIC4r2Ac0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tlZW19Y3Ngtbxe2d3b19u3TQUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywvs789gOVikXiXk9i6od4KNiAEayN1LNLXoj1iGCe3kwrnsbJac8uO1VnBrRM3JyUIUejZ395/YgkIRWacKxU13Vi7adYakY4nRa9RNEYkzEe0q6hAodU+eks+hSdGKWPBpE0T2g0U39vpDhUahIGZjILqha9TPzP6yZ6cOmnTMSJpoLMDw0SjnSEsh5Qn0lKNJ8YgolkJisiIywx0aatoinBXfzyMmnVqu5ZtXZ3Xq5f5XUU4AiOoQIuXEAdbqEBTSDwCM/wCm/Wk/VivVsf89EVK985hD+wPn8A6TGTxA==</latexit>

For                    the function            satisfies the equationSL(2,R)
<latexit sha1_base64="XvG+OYCUzfgaJ2y+zn54z6SRarA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZKuiy6MaFi/roA9qhZNK0Dc1khiRTKEP/xI0LRdz6J+78GzPtLLT1QOBwzr3ck+NHnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9Ec3qd8cU6lYKJ70JKJegAeC9RnB2khd2368K1XOOgHWQ99PHqanXbvolJ0Z0DJxM1KEDLWu/dXphSQOqNCEY6XarhNpL8FSM8LptNCJFY0wGeEBbRsqcECVl8yST9GJUXqoH0rzhEYz9fdGggOlJoFvJtOIatFLxf+8dqz7V17CRBRrKsj8UD/mSIcorQH1mKRE84khmEhmsiIyxBITbcoqmBLcxS8vk0al7J6XK/cXxep1VkcejuAYSuDCJVThFmpQBwJjeIZXeLMS68V6tz7mozkr2zmEP7A+fwAiNJKx</latexit>

Es(⌧) =
X

(c,d)=1

ys

|c⌧ + d|2s

Where the RHS is the square of the s=3/2 Eisenstein series:

F(⌧) =
X

�2B(Z)\SL(2,Z)
�(⌧)

��
�

<latexit sha1_base64="iUV6C5xdAxcldEytCcs1yFgGs+0="></latexit>



[Green, Vanhove][Green, Miller, Vanhove][Fedosova, Klinger-Logan, Radchenko]

F(⌧)
<latexit sha1_base64="hgntps0C1dQklRJm87BGKpPO+vQ=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmqoMuiIC4r2Ac0oUym03boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOZMacf5tlZW19Y3Ngtbxe2d3b19u3TQUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywvs789gOVikXiXk9i6od4KNiAEayN1LNLXoj1iGCe3kwrnsbJac8uO1VnBrRM3JyUIUejZ395/YgkIRWacKxU13Vi7adYakY4nRa9RNEYkzEe0q6hAodU+eks+hSdGKWPBpE0T2g0U39vpDhUahIGZjILqha9TPzP6yZ6cOmnTMSJpoLMDw0SjnSEsh5Qn0lKNJ8YgolkJisiIywx0aatoinBXfzyMmnVqu5ZtXZ3Xq5f5XUU4AiOoQIuXEAdbqEBTSDwCM/wCm/Wk/VivVsf89EVK985hD+wPn8A6TGTxA==</latexit>

For                    the function            satisfies the equationSL(2,R)
<latexit sha1_base64="XvG+OYCUzfgaJ2y+zn54z6SRarA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZKuiy6MaFi/roA9qhZNK0Dc1khiRTKEP/xI0LRdz6J+78GzPtLLT1QOBwzr3ck+NHnCntON9WbmV1bX0jv1nY2t7Z3bP3DxoqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9Ec3qd8cU6lYKJ70JKJegAeC9RnB2khd2368K1XOOgHWQ99PHqanXbvolJ0Z0DJxM1KEDLWu/dXphSQOqNCEY6XarhNpL8FSM8LptNCJFY0wGeEBbRsqcECVl8yST9GJUXqoH0rzhEYz9fdGggOlJoFvJtOIatFLxf+8dqz7V17CRBRrKsj8UD/mSIcorQH1mKRE84khmEhmsiIyxBITbcoqmBLcxS8vk0al7J6XK/cXxep1VkcejuAYSuDCJVThFmpQBwJjeIZXeLMS68V6tz7mozkr2zmEP7A+fwAiNJKx</latexit>

F(⌧) =
X

�2B(Z)\SL(2,Z)
�(⌧)

���
�

<latexit sha1_base64="3yYEFgUWgGa2b6pdoouxKGbriVE="></latexit>

The unique                   - invariant solution is:

�(⌧) =
<latexit sha1_base64="qt83HngiKqKe9o0fbw7ZO0ToDbM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnoRil48VrAfsLuUbJptQ7PJkswKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeVEquAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UpilrUSWU7kbEMMElawEHwbqpZiSJBOtEo7uZ33li2nAlH2GcsjAhA8ljTglYyQ+aQ14NgGTnN71yxa25c+BV4uWkgnI0e+WvoK9oljAJVBBjfM9NIZwQDZwKNi0FmWEpoSMyYL6lkiTMhJP5yVN8ZpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5/kZxNfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/zyKmnXa95Frf5wWWnc5nEU0Qk6RVXkoSvUQPeoiVqIIoWe0St6c8B5cd6dj0VrwclnjtEfOJ8/Tt+QnQ==</latexit>

SL(2,Z)
<latexit sha1_base64="diEFkj8/5dFI24QJKUUvK1mIWKY=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZKuiy6MaFi4r2ge1QMmnahmYyQ5IplKF/4saFIm79E3f+jZl2Ftp6IHA4517uyfEjzpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0VxpLQOgl5KFs+VpQzQeuaaU5bkaQ48Dlt+qOb1G+OqVQsFI96ElEvwAPB+oxgbaSubT/clSpnnQDroe8nT9PTrl10ys4MaJm4GSlChlrX/ur0QhIHVGjCsVJt14m0l2CpGeF0WujEikaYjPCAtg0VOKDKS2bJp+jEKD3UD6V5QqOZ+nsjwYFSk8A3k2lEteil4n9eO9b9Ky9hIoo1FWR+qB9zpEOU1oB6TFKi+cQQTCQzWREZYomJNmUVTAnu4peXSaNSds/LlfuLYvU6qyMPR3AMJXDhEqpwCzWoA4ExPMMrvFmJ9WK9Wx/z0ZyV7RzCH1ifPy5kkrk=</latexit>



The unique                   - invariant solution is:SL(2,Z)
<latexit sha1_base64="diEFkj8/5dFI24QJKUUvK1mIWKY=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahgpSZKuiy6MaFi4r2ge1QMmnahmYyQ5IplKF/4saFIm79E3f+jZl2Ftp6IHA4517uyfEjzpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0VxpLQOgl5KFs+VpQzQeuaaU5bkaQ48Dlt+qOb1G+OqVQsFI96ElEvwAPB+oxgbaSubT/clSpnnQDroe8nT9PTrl10ys4MaJm4GSlChlrX/ur0QhIHVGjCsVJt14m0l2CpGeF0WujEikaYjPCAtg0VOKDKS2bJp+jEKD3UD6V5QqOZ+nsjwYFSk8A3k2lEteil4n9eO9b9Ky9hIoo1FWR+qB9zpEOU1oB6TFKi+cQQTCQzWREZYomJNmUVTAnu4peXSaNSds/LlfuLYvU6qyMPR3AMJXDhEqpwCzWoA4ExPMMrvFmJ9WK9Wx/z0ZyV7RzCH1ifPy5kkrk=</latexit>

Z

N(Z)\N(R)
F(ng)dn =

<latexit sha1_base64="DaRxKFaKk/ZcFZ9kNMqGjqY0W9k="></latexit>

+y�2
1X

n=1

ane
�4⇡ny + · · ·

<latexit sha1_base64="U8E3NMdrgOeGH79dQLtuJuCMQZA=">AAACG3icbVDLSsNAFJ34tr6qLt0MFkEolqQWdCMU3bhUsA9o2jCZTtrBySTM3Agh5D/c+CtuXCjiSnDh3zh9LLT1wIXDOfdy7z1+LLgG2/62FhaXlldW19YLG5tb2zvF3b2mjhJFWYNGIlJtn2gmuGQN4CBYO1aMhL5gLf/+auS3HpjSPJJ3kMasG5KB5AGnBIzkFavltJedVHNXJ6GXyQsn72UulwGkOfEkZsasuTHHEqd52aX9CLRXLNkVeww8T5wpKaEpbrzip9uPaBIyCVQQrTuOHUM3Iwo4FSwvuIlmMaH3ZMA6hkoSMt3Nxr/l+MgofRxEypQEPFZ/T2Qk1DoNfdMZEhjqWW8k/ud1EgjOuxmXcQJM0smiIBEYIjwKCve5YhREagihiptbMR0SRSiYOAsmBGf25XnSrFac00r1tlaqX07jWEMH6BAdIwedoTq6RjeogSh6RM/oFb1ZT9aL9W59TFoXrOnMPvoD6+sHnhGhJg==</latexit>

Constant term:

F(⌧) =
X

�2B(Z)\SL(2,Z)
�(⌧)

���
�

<latexit sha1_base64="3yYEFgUWgGa2b6pdoouxKGbriVE="></latexit>

�(⌧) =
<latexit sha1_base64="qt83HngiKqKe9o0fbw7ZO0ToDbM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnoRil48VrAfsLuUbJptQ7PJkswKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeVEquAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UpilrUSWU7kbEMMElawEHwbqpZiSJBOtEo7uZ33li2nAlH2GcsjAhA8ljTglYyQ+aQ14NgGTnN71yxa25c+BV4uWkgnI0e+WvoK9oljAJVBBjfM9NIZwQDZwKNi0FmWEpoSMyYL6lkiTMhJP5yVN8ZpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5/kZxNfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKJRuCt/zyKmnXa95Frf5wWWnc5nEU0Qk6RVXkoSvUQPeoiVqIIoWe0St6c8B5cd6dj0VrwclnjtEfOJ8/Tt+QnQ==</latexit>



More generally the equation is of the form

(�G/K � �)F = S2
<latexit sha1_base64="iR6ld4vMPfN0ps9q2FHsiH79jBg=">AAACGHicbVDLSsNAFJ3UV62vqks3wSLUhW1SBd0IRUUFNxXtA5pabqbTdujkwcxEKCGf4cZfceNCEbfd+TdO2iDaemDgcM49zL3H9hkV0jC+tNTc/MLiUno5s7K6tr6R3dyqCS/gmFSxxzzesEEQRl1SlVQy0vA5AcdmpG4PzmO//ki4oJ57L4c+aTnQc2mXYpBKameLeeuCMAnt8Kp4Ex1YTEU7sG85IPsYWHgZnf7wu+ih1M7mjIIxhj5LzITkUIJKOzuyOh4OHOJKzECIpmn4shUClxQzEmWsQBAf8AB6pKmoCw4RrXB8WKTvKaWjdz2univ1sfo7EYIjxNCx1WS8pJj2YvE/rxnI7kkrpK4fSOLiyUfdgOnS0+OW9A7lBEs2VAQwp2pXHfeBA5aqy4wqwZw+eZbUSgXzsFC6PcqVz5I60mgH7aI8MtExKqNrVEFVhNETekFv6F171l61D+1zMprSksw2+gNt9A0qTJ/g</latexit>



More generally the equation is of the form

Z
<latexit sha1_base64="XKDF1+Sfe5CPVfHgBrmxWOEiuww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XBym/vdJ6YNV/IBpgkLYjKSPOKUgJX8fkxgTInIHmeDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ1G3buoN+4va82boo4yOkGn6Bx56Ao10R1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPl5mRdA==</latexit>

Violates      -finiteness

Poisson type equation with a source term

The source      is an automorphic form 
in the minimal representation of 

S
<latexit sha1_base64="s0ORvqxeEX0PpYtJdKPahu55m4g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJp1H3LuqN+8ta86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjPaRbQ==</latexit>

G
<latexit sha1_base64="znlNvdKUuTj8xBn7KQjYldwg35s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A51DjM8=</latexit>

Not an automorphic form in the strict sense

Still get a           -module! U(g)
<latexit sha1_base64="DUuYhztV5PBpoOJ6qaxJrUylGyg=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksQt2UpAq6LLpxWcG0hbaUyXTSDp1cmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxFnUlnWt1FaWV1b3yhvVra2d3b3zP2DtgxjQahDQh6Krosl5SygjmKK024kKPZdTjvu9Cardx6okCwM7tUsogMfjwPmMYKVtobmUd/HakIwT5y0lrMn8DQZp2dDs2rVrVxoGewCqlCoNTS/+qOQxD4NFOFYyp5tRWqQYKEY4TSt9GNJI0ymeEx7GgPsUzlI8hNSdKqdEfJCoV+gUO7+nkiwL+XMd3VntqRcrGXmf7VerLyrQcKCKFY0IPOPvJgjFaIsDzRighLFZxowEUzvisgEC0yUTq2iQ7AXT16GdqNun9cbdxfV5nURRxmO4QRqYMMlNOEWWuAAgUd4hld4M56MF+Pd+Ji3loxi5hD+yPj8AY1Ql4Y=</latexit>

(g,K)
<latexit sha1_base64="/3xvzgjHSAvVkC3lZ4jIC+H3CwY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCBSkzVdBl0Y3gpoJ9QFtKJs20oZnMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OV7EmdKO823lVlbX1jfym4Wt7Z3dPbu431RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN75O/dYDlYqF4l5PItoL8FAwnxGsjdS3i+VugPXIl3icDKen6Pakb5ecijMDWiZuRkqQod63v7qDkMQBFZpwrFTHdSLdS7DUjHA6LXRjRSNMxnhIO4YKHFDVS2bRp+jYKAPkh9I8odFM/b2R4ECpSeCZyTSnWvRS8T+vE2v/spcwEcWaCjI/5Mcc6RClPaABk5RoPjEEE8lMVkRGWGKiTVsFU4K7+OVl0qxW3LNK9e68VLvK6sjDIRxBGVy4gBrcQB0aQOARnuEV3qwn68V6tz7mozkr2zmAP7A+fwAtTJNK</latexit>

(But not a             -module) 

But what kind of module is this?

(�G/K � �)F = S2
<latexit sha1_base64="iR6ld4vMPfN0ps9q2FHsiH79jBg=">AAACGHicbVDLSsNAFJ3UV62vqks3wSLUhW1SBd0IRUUFNxXtA5pabqbTdujkwcxEKCGf4cZfceNCEbfd+TdO2iDaemDgcM49zL3H9hkV0jC+tNTc/MLiUno5s7K6tr6R3dyqCS/gmFSxxzzesEEQRl1SlVQy0vA5AcdmpG4PzmO//ki4oJ57L4c+aTnQc2mXYpBKameLeeuCMAnt8Kp4Ex1YTEU7sG85IPsYWHgZnf7wu+ih1M7mjIIxhj5LzITkUIJKOzuyOh4OHOJKzECIpmn4shUClxQzEmWsQBAf8AB6pKmoCw4RrXB8WKTvKaWjdz2univ1sfo7EYIjxNCx1WS8pJj2YvE/rxnI7kkrpK4fSOLiyUfdgOnS0+OW9A7lBEs2VAQwp2pXHfeBA5aqy4wqwZw+eZbUSgXzsFC6PcqVz5I60mgH7aI8MtExKqNrVEFVhNETekFv6F171l61D+1zMprSksw2+gNt9A0qTJ/g</latexit>



Theorem:  The module generated by          fits into the SES sequence     

0 ! U(g)S ! U(g)F ! U(g)EP (s, g) ! 0
<latexit sha1_base64="7LumxnVcW3V6X9XyIMf+2+A0LGA="></latexit>

In progress w/ Bossard, Friedberg, Gourevitch, Kleinschmidt

F
<latexit sha1_base64="0GKwjezZDa6BOR5Fs3+zk2FsV9w=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+STqPuXdQbD5e15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feTWRYA==</latexit>



Theorem:  The module generated by          fits into the SES sequence     

is the homogeneous solution (an Eisenstein series)

0 ! U(g)S ! U(g)F ! U(g)EP (s, g) ! 0
<latexit sha1_base64="7LumxnVcW3V6X9XyIMf+2+A0LGA="></latexit>

In progress w/ Bossard, Friedberg, Gourevitch, Kleinschmidt

F
<latexit sha1_base64="0GKwjezZDa6BOR5Fs3+zk2FsV9w=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+STqPuXdQbD5e15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feTWRYA==</latexit>

EP (s)
<latexit sha1_base64="U5itG7QaQAV2mihP9Xn7TgHGydg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ixKILHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKBzOJqR/hoWAhI9hYqXXbb5T1eb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK9vyjVr7M48nACp1AGDy6hDnfQgCYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kDicSOcg==</latexit>

(�G/K � �(s))EP (s, g) = 0
<latexit sha1_base64="Mg/07+JDXPkvIsHSLIG0KfwAwCE=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VIQWtSBd0IxQcKbirYBzQhTCaTdujkwcxEKKEf4MZfceNCEbd+gDv/xmmbhbYeGDiccy537nFjRoU0jG8tNze/sLiUXy6srK6tbxQ3t5oiSjgmDRyxiLddJAijIWlIKhlpx5ygwGWk5fYvRn7rgXBBo/BeDmJiB6gbUp9iJJXkFEu6dUmYRE56fXg7PLCYGvWQLsrlK6eui/1u+cxQKaNijAFniZmREshQd4pflhfhJCChxAwJ0TGNWNop4pJiRoYFKxEkRriPuqSjaIgCIux0fMwQ7inFg37E1QslHKu/J1IUCDEIXJUMkOyJaW8k/ud1Eumf2ikN40SSEE8W+QmDMoKjZqBHOcGSDRRBmFP1V4h7iCMsVX8FVYI5ffIsaVYr5lGlendcqp1ndeTBDtgFOjDBCaiBG1AHDYDBI3gGr+BNe9JetHftYxLNadnMNvgD7fMHK4KZIg==</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

�(s) = �
<latexit sha1_base64="k569fViQlXuZxZSxYUss9btWUDE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBd0IRTcuK9gHtKFMJpN26GQSZiZiCf0VNy4UceuPuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX1Ybqs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH9/O/M4jlYrF4kFPEupFeChYyAjWRhrY5T434QBX1dl1Tgd2xak5c6BV4uakAjmaA/urH8QkjajQhGOleq6TaC/DUjPC6bTUTxVNMBnjIe0ZKnBElZfNb5+iU6MEKIyleUKjufp7IsORUpPIN8kI65Fa9mbif14v1eGVlzGRpJoKslgUphzpGM2KQAGTlGg+MQQTycytiIywxESbukqmBHf5y6ukXa+557X6/UWlcZPXUYRjOIEquHAJDbiDJrSAwBM8wyu8WVPrxXq3PhbRgpXPHMEfWJ8/KDeT3g==</latexit>

fixed so that 

We are working on a multiplicity one result, and 
 a study of the Fourier coefficients



Outlook

What about the finite places?

Hecke algebra? 

Generalization of automorphic representation

New L-functions?

Non-abelian Fourier coefficients



Tack!


