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Soft geometric 
inductive bias
for object centric dynamics
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Example: learn force field between two charged particles
Inductive bias



Inductive bias

⃗F ( ⃗x) = − C
⃗x

| ⃗x |3

⃗x

Example: learn force field between two charged particles



⃗F (R ⃗x) = − C
R ⃗x

| ⃗x |3 = R ⃗F ( ⃗x)

⃗x

R ⃗x

Inductive bias
Example: learn force field between two charged particles

Rotational equivariance under

R ∈ SO(2)



Equivariance
Inductive bias

Equivariant 
model

Unconstrained 
model

Untrained Trained



Example: anisotropic potential
Broken equivariance
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Boundary conditions


External forces


Noise

f(gx) ≠ gf(x)
f(gx, gc) = gf(x, c)

Omitted context



What is the right amount?
Inductive bias
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Clifford algebra neural networks
Geometric inductive bias
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Clifford algebra / Geometric algebra
Geometric inductive bias
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x = xs + x1e1 + x2e2 + x3e3 + x12e1e2 + x13e1e3 + x23e2e3 + x123e1e2e3

eiei ∈ {+1, − 1,0}

eiej = − ejei (i ≠ j)



x ∈ ℝm

y ∈ ℝn
x ∈ ℝm × ℝ8

y ∈ ℝn × ℝ8

MLP Clifford MLP

a11 a12 ⋯ a1m
a21 a22 ⋯ a2m
⋮ ⋮ ⋱ ⋮

an1 an2 ⋯ anm

x1
x2
⋮
xm

a11 a12 ⋯ a1m
a21 a22 ⋯ a2m
⋮ ⋮ ⋱ ⋮

an1 an2 ⋯ anm

x1
x2
⋮

xm

Geometric inductive bias
Clifford algebra neural networks



yi(x) = aijxj = (aijαeα)(xj
βeβ)

= aijαxj
β eαeβ

= aijαxj
βfαβγ eγ

einsum(“ijk,kj,klm”, W, x, f)
[m, n, 8]

[m, 8]

[8, 8, 8]

y = Ax

Geometric inductive bias
Clifford algebra: implementation

x ∈ ℝm × ℝ8

y ∈ ℝn × ℝ8

a11 a12 ⋯ a1m
a21 a22 ⋯ a2m
⋮ ⋮ ⋱ ⋮

an1 an2 ⋯ anm

x1
x2
⋮

xm





Object centric dynamics

⃗x1

⃗v1

⃗x2

⃗x3 ⃗v3

⃗v2

charged particles

q1 q2

q3



Object centric dynamics

⃗x1

⃗v1

⃗x2

⃗x3 ⃗v3

⃗v2

charged particles

d ⃗vi

dt
= ⃗F i

State

Dynamics

⃗F i = ∑
j≠i

qiqj
⃗xj − ⃗xi

| ⃗xj − ⃗xi |
2

q1 q2

q3

Task

⃗xi(t + Δt)
⃗vi(t + Δt)predict

⃗xi(t)
⃗vi(t)

given

qi



charged particles
Object centric dynamics



Euclidean group
Equivariance

Translate

Rotate



Broken equivariance
charged particles



Broken equivariance
charged particles



charged particles with broken equivariance
Results
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EGNN from Satorras, "E (n) equivariant graph neural networks”, PMLR 2021



charged particles: data scale with unbroken symmetry
Results
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Results
charged particles: rollouts with unbroken symmetry



Results
charged particles: rollouts with broken symmetry



Results
2d rigid body dynamics (Kinetix)
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Results
2d rigid body dynamics (Kinetix)



E-Clifford

S-Clifford

Transformer

Prediction Simulation

Results
2d rigid body dynamics (Kinetix)



Results
2d multi-agent trajectory prediction (WOMD)
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Results
2d multi-agent trajectory prediction (WOMD)



Outlook
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